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ABSTRACT: Mathematical models of neural networks, based on one-dimensional and two-dimensional
maps are proposed, in which complex dynamics and chaos are used for storing and processing information.

1. Introduction.

A possibility of a use of chaos and complicated dynamics in neural nets for a solution of problems coupled
with information processing, was discussed already in the literature [1-3].

It should be noted hover, that in most papers connected with a use of chaos and complex dynamics in neural
networks, the neural network itself plays a role of a "black box" which is trained according to certain rules in
order to obtain a desired response to a certain signal at its input.

The aim of this report is to demonstrate an application of complex dynamics and chaos to storing and
processing information in recurrent neural networks, used as a hardware realization of simple mathematical
models of a kind of 1-D and 2-D maps, which were used for storing and retrieving information [4,5]. Evidently
this concept substantially differs from the presentation of a neural network as a "black box". We shall show
below that an existence of a mathematical model realized in neural network of this kind leads to striking
computational efficiency. Another important property of such networks is the limited number of
interconnections. Therefore they can be considered as a special kind of CNN.

2. Storing and Retrieving Information in 1-D And 2-D Maps.

The procedure of storing and retrieving information on the basis of limit cycles of 1-D dynamical systems
was introduced in [4].

Let there be given a sequence of symbols (information block)

a1 a2 ... an, (1)

each element ai of which belongs to an alphabet composed of N symbols.

1-D map of a segment into itself is designed for this sequence, possessing a stable limit cycle of the period
n, the elements of which are in mutual unambiguous correspondence with the elements of the sequence (1). In
the simplest case each element of the alphabet in related to its own value of the mapping variable and to an
interval with the length 1/N of the mapping variable. The example of the map with storing information block
174 is shown in Fig.1.

The retrieval of an information block is performed by setting initial conditions within one of the segments
on the unit interval [0,1] corresponding to the symbols of the information block, and by further transformation
of the sequence of numbers occurring by iteration of the map into the sequence of symbols. If the initial
conditions are arbitrary, the convergence of the system trajectory to the limit cycle is preceded by a chaotic
transient process.

The method of storing and retrieving was generalized to storing information in 2-D maps [5]. Is shown, that
use two dimension systems for information professing led to high information capacity.

For store of the information block (1) on 2-D map of an individual square [0,1]x[0,1] into self, it is
necessary to transform (1) as pairs of elements
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Fig.1. 1-D map with storing information block 174.
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Is shown, that required 2-D map should look like
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The function f(x, y) is built so that the map (5) had a unique limiting cycle (2).
In the squares through which passes a cycle (2) (informative squares) function f(x, y) looks like
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An example of a 2-D map, in which string 174 is stored, is shown in Fig.2.

3. Realization of the Dynamics of 1-D and 2-D Maps with Stored Information Using
Neural Networks.

Let us consider a network composed of three layers of neurons (an input layer, a hidden layer, an output
layer) and a feedback loop between the output layer and the input layer. The three layers of the neural network
are used to emulate a 1-D map function, and the feedback loop with a unit delay is to organize iteration process
[6-8].

The input and output layers contain one element each. There are no couplings between the elements of the
hidden layer.

A signal corresponding to the initial conditions is applied to the input element. The signal from the output
of this element is sent to the hidden layer neurons. The sum of the signals from the hidden layer neurons is
applied to the input of the output layer neuron. The coefficients of the couplings between the layers of the
neural network are determined by the function of a map with stored information. The signal at the network
output represents the value of the map next iteration.
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All the neural-like elements have the same structure and the same piece-wise linear characteristics. The
threshold values for the elements of the input and output layers are zero, the threshold values for the elements
of the hidden layer are determined by the form of the function which is realized in the network.

An arbitrary 1-D piece-wise linear map M(x) defined at the unit interval I = [0,1] by the set of its points

Fig.2. 2-D map with storing information block 174.

(x1, y1), (x2, y2), ... (xp+1, yp+1), (8)

where p is the number of linear segments in the 1-D map; (xi, yi) are the coordinates of the left and right

endpoints of the linear segments, can be precisely realized as a neural network, composed of the elements with
identical piece-wise linear characteristics:
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The map function M(x) may be represented as
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where α i i ix x= −+ 1 , βi i iy y= −+ 1 , Ti i
1 1= / α  are the couplings from the input layer to the hidden layer,

Ti i
2 = β  are the couplings from the hidden layer to the output layer, θ αi i ix= /  are the thresholds of the

elements of the hidden layer. In Fig.3 an example of a neural net which realizes the dynamics of 1-D map
storing the string 174 is presented.
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In the case of piece-wise linear map realization as a neural net, some of the neural elements are used to
realize nonlocal coupling between input and output elements, and nonlocal connections between these elements
and the elements of the hidden layer.

To emulate a 2-D map function neural network more complex then for 1-D map structure is used.

Fig.3. Neural net which realizes the dynamics of 1-D map storing the string 174.

The neural network is built as follows. From Fig.2 it is visible, that 2-D map can be constructed from
segments of three types (one for informative squares and two for noninformative). Each of these segments are
realized with the help of neural units of simple structure. An example of the net which is approximate the 2-D
map is shown in Fig.4. Three modules in the right part of the network on Fig.4 realize informative squares,
other realize noninformative squares. The training of the network is reduced to analytical formulas.

An important property of such a neural networks is a limited number of interconnections. This is the same
property which we have in cellular neural networks.

Fig.4. Neural net which realizes the dynamics of 2-D map storing the string 174.
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