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Abstract. Here we describe a method for separating the
sum of chaotic signals into the individual components,
using the inherent underlying dynamics of the chaotic
sources. Capabilities of the method are demostrated on
example of discrete-time systems, one-dimensional lo-
gistic maps. We demonstrate that the proposed approach
based on backward iteration of the mapping equations
describing the chaotic sources has good resistance in
respect to additive external noise.

Keywords: chaotic synchronization, signal separation,
multiplexing, effect of noise on chaotic systems, proc-
essing chaotic signals

The discovery of the effects of chaotic synchronization
[1]–[2] and synchronous chaotic response [3] has drawn
attention to application of chaotic signals to communica-
tions [4]–[8]. This interest is associated first of all with a
possibility of accomplishing chaotic receivers (driven or
response dynamic systems) that can self-synchronize
with chaotic transmitters (drive chaotic systems). How-
ever, potential applications of the chaotic synchroniza-
tion and synchronous chaotic response are not confined
to this. As was shown recently [9], with the help of these
effects, the sum of chaotic signals can be broken into the
components. The problem of separation of chaotic signals
is of great interest in analysis of natural or artificial cha-
otic signals. In particular, its efficient solution can give
an impact to development of novel principles of multiple
access in communication systems.
Indeed, the multiple access in communication systems is
ensured by a shared use of the same frequency channel by
several users by means of dividing the frequency band
into several frequency sub-bands (frequency division
multiple access, FDMA), giving each user individual
time slots (time division multiple access, TDMA), or
using special codes (code division multiple access,
CDMA) [10].
Separation of chaotic signals by means of backtracking
cannot be attributed to any of the above methods. The
problem that is discussed here is as follows. Let there be

m pairs of drive and response systems (transmitters and
receivers, respectively). To transmit chaotic signals xj(k),
j = 1, ..., m, from transmitters to receivers a single com-
munication channel is used in which the signals xj(k) are

summed. In general, noise η(k) is added in the channel
to the sum of the chaotic signals. At the receiving side
each receiver retrieves its own signal from the sum.
Consider the problem of chaotic signal separation on
example of a single channel connecting two pairs of
transmitters and receivers. Let the dynamics of the
transmitters be described by similar maps ƒ(.) with dif-

ferent parameters µ. Let us denote them by ƒ1(x) = ƒ(x, µ
1) and ƒ2(x) = ƒ(x, µ2). The dynamics of both drive cha-
otic systems are then described by the equations

x1(k+1) = ƒ1(x1(k)),
x2(k+1) = ƒ2(x2(k)), (1)

where k is discrete time.
The signal in the channel is

u(k) = x1(k) + x2(k) + η(k). (2)

Recently, a scheme for chaotic signal multiplexing was
proposed, where the response systems were coupled with
each other and the effect of chaotic sinchronization was
used [9]. The dynamics of the multiplexing process was
described by the equations

y1(k+1) = ƒ1(y1(k)) + α[u(k) – ƒ1(y1(k)) – ƒ2(y2(k))],
y2(k+1) = ƒ2(y2(k)) + α[u(k) – ƒ1(y1(k)) – ƒ2(y2(k))],

(3)

where y1,2(k) were the signals in the response maps and α
was the coupling strength. In the case of synchronization
the terms within the brackets become small (of the order

of the noise level η(k)), so y1(k) ≈ x1(k) and y2(k) ≈ x2(k),
thus, the receivers retrieve their "own" signals. As was
shown in [9], this scheme for multiplexing chaotic sig-
nals could operate in the absence of external noise,
though it was very sensitive to noise if it was added.
In this paper, we introduce a novel scheme for chaotic
signals separation and prove that it is more noise resis-



tant than the scheme [9]. Hence, we show that the
boundary of noise resistance can be considerably shifted
toward higher noise levels, and that one can expect prac-
tical accomplishment of this approach in a physical ex-
periment.
Let for certainty the chaotic sources be described by the

maps of logistic parabola ƒ(x) = µx(1–x)

x1(k+1) = µ1x1(k)(1 – x1(k)),

x2(k+1) = µ2x2(k)(1 – x2(k)). (4)

The idea of the proposed separation scheme is as follows.
The receiver, a chaotic signal separator, incorporates
copies of the maps that generate chaotic signals in the
transmitters. The sum signal u(k) is fed to the receiver
input. Let in the receiver at moment k there be not only
an estimate of the sum of chaotic signals u(k), but also
separate estimates of the values of the chaotic signals of
both drive systems, i.e., an estimate x~ 1(k) for the signal
x1(k) and x~ 2(k) for x2(k). Let us iterate the maps of the
response systems

y1(k+1) = µ1y1(k)(1 – y1(k)),

y2(k+1) = µ2y2(k)(1 – y2(k)) (5)

one step backward with initial conditions x~ 1(k) and
x~ 2(k), respectively. This is equivalent to one-step for-
ward iteration of maps ƒ–1(.), inverse to maps ƒ(.)
(Fig. 1)

y1(k–1) = ƒ1
–1(y1(k)),

y2(k–1) = ƒ2
–1(y2(k)). (6)

Fig. 1. Two-valued inverse map function ƒ–1(.).

Since maps (5) are stretching on the average (over the
attractors) by forward iteration, by backward iteration
they are (on the average) contracting. Hence the esti-
mates for signals x1 and x2 at (k–1)th moment, obtained
from the estimates x~ 1(k) and x~ 2(k), will on the average
be more accurate that the initial estimates x~ 1(k) and
x~ 2(k). Note, however, that maps (6) are two-valued.
Each one-step iteration gives two values for a single ar-
gument. So, we have to choose the "proper" branch after

iteration. The branch can be chosen as follows. Let us
iterate maps (6) with the initial conditions y1(k) = x~ 1(k)
and y2(k) = x~ 2(k). As a result, at (k–1)th moment we
have two signal estimates x~ 1

1(k–1) and x~ 1
2(k–1) for the

first response system, and two estimates x~ 2
1(k–1) and

x~ 2
2(k–1) for the second system. These estimates give us

four possible estimates of the sum signal at (k–1)th mo-
ment: uij(k–1) = x~ 1

i(k–1) + x~ 2
j(k–1), i, j = 1, 2. From

the other hand, we know that the signal that came to the
receiver from the channel at (k–1)th moment was u(k–1).
We can make the proper choice of the branch by means
of comparing the value of u(k–1) with those of uij(k–1).
Indeed, the proper choice is given by that combination of
the branches that minimizes deviation of the estimates of
the sum of two chaotic signals from the sum signal that
came in the receiver at that moment:

|u(k–1) – x~ 1
i(k–1) – x~ 2

j(k–1)| (7)

The scheme for the choice of the proper branch combi-
nations at (k–1)th and other moments is illustrated in
Fig. 2. The values of signal u(l), l < k, are denoted by
asterisks. At lth moment of four possible values of uij(l)
we take the one most close to u(l), do the same at (l–1)th
moment, and so on. Thus, the discussed procedure allows
us to separate the signals for any time moment l < k.

Fig. 2. Choice between the sum signal branches, pro-
duced by iteration of inverse maps. The values of the
sum signal at the receiver input are denoted by asterisks.
l is discrete time; uij(l) = x~ 1

i(l) + x~ 2
j(l), i, j = 1, 2.

If λ is Lyapunov exponent of a map (averaged over the
map attractor), then the average stretching factor of the
map is eλ, and the inverse map contraction factor is e–λ.
So, the estimate errors δ1(l) and δ2(l) of the separated
signals x~ 1(l) and x~ 2(l) decrease exponentially (on the
average)

δ1(l) = δ1(k)⋅exp(–λ1(k – l)),
δ2(l) = δ2(k)⋅exp(–λ2(k – l)), (9)

where δ1(k) = | x~ 1(k) – x1(k)| and δ2(k) = | x~ 2(k) – x2(k)|
are initial estimate errors, and λ1 and λ2 are Lyapunov
exponents of the trajectories of the first and second re-
sponse systems, respectively.



Above, we discussed the scheme of signal separation un-
der condition that estimates x~ 1(k) and x~ 2(k) of the
transmitter signals are known at kth moment. However,
in general, at kth moment there are no separate estimates
of the drive systems' states. As was found in numerical
simulation, as such initial estimates, we can take any
arbitrary pair of points y1(k) and y2(k) belonging to the
attractors of maps (5). Having started from these initial
conditions the calculated trajectories of the response sys-
tems converge with time to the trajectories of the drive
systems. It is the time of convergence that depends on a
particular choice of the initial points on the attractors.
To ensure rapid convergence and to improve the initial
signal estimates at kth moment, we take a set of m initial
values y1

j(k), j = 1, ..., m, for the variable y1(k). Each
initial point must belong to the attractor, and the entire
set must cover it more or less evenly. Also, we take a
similar set of initial conditions for y2(k). Let ε be the
given initial accuracy of the separated variable estimates.
We make all possible pairs of {y1

i(k), y2
j(k)}, i, j = 1, ...,

m, from the initial condition sets, and take those satisfy-
ing the inequality

|u(k) – y1
i(k) – y2

j(k)| < ε. (10)

We iterate the maps for each of the taken pairs one step
backward and obtain quadruple number of pairs. Among
them we choose the one that minimizes condition (7) and
take it as a pair of good initial estimates x~ 1(k) and
x~ 2(k) of the reiever signal at moment k.
The efficiency of the proposed scheme of chaotic signal
separation was investigated on example of the drive sys-
tems described by logistic maps (4) with the parameters

set at µ1 = 3.7 and µ2 = 3.8 (Lyapunov exponents λ1 =
+0.355 and λ2 = +0.432).
In the absence of noise, the signals of two logistic maps
are efficiently separated. The accuracy of the signals
x~ 1(k) and x~ 2(k) recovered in the receivers increases
exponentially with each step of backward iteration, in
accordance with expression (9). In our numerical ex-
periments with double-precision calculations (16 signifi-
cant digits, i.e., ∼ 10–16 accuracy) the limit attainable
separation accuracy is achieved after –ln(10–16)/λ ≈ 100
iteration steps, while a pretty good accuracy of 10–3 after
20 steps. Consequently, the procedure allows signal sepa-
ration as exact as the accuracy of the machine arithmetic,
with a few less accurate samples at the end of the signal
sequence. This less accurate ending may be treated as the
precedure expense.
Since the method of chaotic signal separation proved to
be functional in the absence of noise, we concentrated
our further efforts on the investigation of the method
resistance with respect to the channel noise. Gaussian,

normally distributed noise η(k) with variance σ was
added in the channel to the transmitters’ signals u(k) =

x1(k) + x2(k) + η(k). The calculated signal recovery error
x1,2(k) – x~ 1,2(k) was treated as a residual noise in the
received signal. The noise levels (signal-to-noise ratio,
SNRS) of the separated signals were calculated as func-
tions of the noise level SNRC in the channel signal u(k),
SNRC = <(x1 + x2)

2>/σ2 (all signals were normalized to
have zero mean values). Both were calculated in dB. As a
criterion of the efficiency of signal separation K, dB, we
used the difference between the noise levels in the sepa-
rated signals and in the signal u(k)

K = SNRS – SNRC. (11)

The signal separation is effective when the noise level in
the separated signal is lower than the channel noise, i.e.,
K > 0, and ineffective if the noise level in the signal is
much higher than that in the channel (K << 0). The cal-
culation results are presented in Fig. 3.

(a)

(b)
Fig. 3. (a) Signal-to-noise ratio for the separated sig-
nals, SNRS, and (b) relative separation time τ as func-
tions of noise in the channel, SNRC. Curves are shown
for (1) method [9], (2) single-branch algorithm, and (3)
algorithm with 16 branches. The results were obtained
with 10,000-sample chaotic sequences.

Curve 1, given for comparison, corresponds to the results
for the scheme [9]. As can be seen from Fig. 3a, the noise
in the signals separated by the method [9] is always
higher than the channel noise and the criterion K > 0 is



never fulfilled. Our results are represented by curve 2,
which shows that effective separation is observed above
the SNRC level of ∼ 65 dB. Note that to the right of this
point the level of noise in the separated signals rapidly
decreases according to relations (9), and its value is de-
termined only by the number of backward iteration steps
and the machine calculation accuracy. This means that
the signals are not only separated but also cleaned off
noise.
In the process of separation, sporadic faults can occur
(Fig. 4). Even a single and very short burst can seriously
spoil the SNRS value. Therefore, we introduced another
efficiency criterion, the relative time τ of effective signal
separation (Fig. 3b), here the signals are considered sepa-
rated if the local signal estimation error is δ < 0.1, or –
20 dB. Evidently, separation is effective if τ is close to
one. As can be seen from Fig. 3b, the corresponding val-
ues of both methods are close to those of Fig. 3a.

Fig. 4. Signal separation faults with the single-branch
algorithm. δ = x1– x~ 1; noise level is approx. 40 dB; l is
discrete time.

Another criterion of the method efficiency may be the
value of noise added to the channel signal (SNRC) at
which the separation method provides some prescribed
value of the recovered signals SNR, e.g., 40 dB. Indeed,
40 dB is quite a good accuracy of the signal recovery
(rms signal error of the order of 0.01). The above method
gives 40 dB SNRS at SNRC = 60 dB, while the method of
[9] at SNRC = 110–120 dB. The results in Figs. 4a and
4b indicate that effective separation by the discussed
method is possible at SNRC > 65 dB.
Simulation of the separation procedure shows that with
increasing external noise the rate of the faults also in-
creases, which gradually ruins the method efficiency.
Analysis of the signal waveforms recovered with this

method shows that strong channel noise η(k) at a par-
ticular moment can considerably shift the actual sum of

the transmitters' signals u(k) = x1(k) + x2(k) + η(k), and
that the faults occur due to a wrong choice of the inverse
map branches at that step. This wrong choice is then
followed by convergence of the receivers trajectories from
wrong points to the transmitters signals, which can take
a number of steps. These irregular bursts of estimation
error of the drive and response systems are the only rea-
son for the residual noise SNRS.
Obviously, the faults occur because the decision on what

branch to take is made locally, in one point of time do-
main, and the preceding and the following histories are
not taken into account.
This short analysis gives rise to an idea to trace a few
branches simultaneously besides the "optimal" one and to
choose among them by means of minimizing the estima-
tion error signal averaged over a certain time interval.
In the new algorithm, inverse maps (6) are iterated, and
on each step each branch of the sum signal gives four, on
the next step each of them again gives four, etc. The tree
of branches grows too fast, so, on each step we keep trace
of no more than M branches, optimal in a certain sense.
This is done here as follows. Let at kth moment already
be M pairs of estimates ( x~ 1

j(k), x~ 2
j(k)), j, = 1, ..., M,

corresponding to M branches of the sum signal. On the
next step the number of possible branches is quadrupled:
( x~ 1

ji(k–1), x~ 2
jq(k–1)), i, q = 1, 2, and we have to select

M "best" branches among 4M that correspond to 4M
pairs of the sum signal estimates. We use a criterion of
the minimum of deviation of sums x~ 1

ji(k–1) + x~ 2
jq(k–

1), i, q = 1, 2, from the sum signal u(k–1) at the receiver
input. Then the procedure is repeated for k–2, k–3, etc.
However, this evident approach with the choice of a
group of optimal pairs does not essentially improve sepa-
ration. The reason is as follows.
In the above algorithm with the single branch, in the case
of a relatively low level of the channel noise the trajecto-
ries converge to the true solution (i.e., to the transmitters'
signals) from any initial conditions. Imagine now that
several branches are kept after each iteration. If no spe-
cial efforts are made, amongst these branches there may
appear "clusters" (bundles, bunches) of very close
branches. With further iteration and selection, the
branches from the same cluster get even closer to each
other while the corresponding estimates of the trajecto-
ries converge to the same solution. If the external noise
leads to a fault in the choice of the proper branch, it hap-
pens simultaneously to all branches from the cluster. So,
it's useless to keep trace of more than one branch from
the cluster.
Thus, we conclude with the following algorithm. Let at
kth moment there be M pairs of estimates ( x~ 1

j(k),
x~ 2

j(k)), j, = 1, ..., M, which correspond to M branches of
the calculated sum signal. We iterate maps (6) once, us-
ing these estimates as M sets of initial conditions. As a
result, at (k–1)th moment we obtain 4M branches of pre-
images. Then we look for clusters of close branches.
Suppose we have N clusters (Fig. 5). To choose M best
branches, we obey the following rules.
1. Take one best branch from each cluster (below we dis-

cuss what means the "best" here), and get N really
different branches.

2. If N > M, then take only M best branches according to
criterion (7). Otherwise, keep all N branches.

The operation is repeated at (k–2)th, (k–3)th step, etc.



Thus, moving from the final element of the u(k) sequence
that came to the receiver input to its beginning, we obtain
M variants of the pairs of sequences ( x~ 1

j(i), x~ 2
j(i)), j, =

1, ..., M;  i = l, ..., k. The pair minimizing the functional
G on the operation time interval (l, k)

G = ( )∑
=

−−
k

li

jj ixixiu
2

21 )(~)(~)( (12)

is considered the pair of separated signals.

Fig. 5. Branch clusters at a certain time moment.
Clusters are outlined by circles, dots in the circles
designate pairs of estimates ( x~ 1

j(l), x~ 2
j(l)).

To take the best branch at lth iteration step from the
cluster ( x~ 1

j(k–l), x~ 2
j(k–l)), for each branch we calculate

rms deviations of the sum signal estimates from a frag-
ment of the received sequence on a certain comparison
time interval (k–l, k–l+T). The branch with the minimum
deviation is considered the best.
The results of separation chaotic signals with this algo-
rithm are presented in Figs. 4a and 4b (curve 3). Sixteen
branches were traced (M = 16) and the best-in-cluster
branch was taken from a comparison over T = 50 time
interval. The results indicate that the algorithm separates
chaotic signals at the noise level of about 25 dB, which is
35–40 dB better than the algorithm with the single
branch.
Thus, the methods for separating chaotic signals from
their sum proposed in this paper can operate not only in
the absence but also in the presence of noise. The method
for separation using a single branch allows us to sepa-
rated chaotic signals at SNRC > 60–65 dB, and the algo-
rithm with several traced branches gives efficient separa-
tion of logistic map signals at SNRC as low as 25 dB.
The presented results give hope for successful physical
experiments on signal separation based on inherent dy-
namic properties of chaotic systems.
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