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Abstract – The master-slave synchronization of two
chaotic systems that interact over a noisy channel is
analyzed from an information theoretic point of view. It is
argued that arbitrarily precise synchronization, in the sense
of the mean square synchronization error, is possible if the
channel capacity is higher than the information production
rate of the master system. Thus, even with considerable
channel noise, very precise synchronization is possible. This
is in contrast to the intuitive idea that synchronization
necessarily degrades with increasing noise in the channel. A
concrete way to achieve this is demonstrated for the Lozi
map.

necessarily degrades with increasing noise in the channel. A
concrete way to achieve this is demonstrated for the Lozi
map.
We consider chaotic synchronization via transmission
necessary information about the state of drive system to
response system [12], [13], and apply this approach to
synchronization of 2-D maps.
The phenomenon of chaotic synchronization of two
systems with unidirectional coupling implies a direct effect
of a physical process xn in the chaotic source (CS), on the
receiver of chaos (CR), in general, in the presence of noise
wn in the channel.

I. INTRODUCTION
Despite the fact that the phenomenon of chaotic
synchronization is known already for more than fifteen
years [1]-[3] and even though research in this area has been
very active for almost ten years, since publication of paper
[4], the interest in this subject remains very high. It has been
realized that this phenomenon is not only fundamental but
also many-sided; it may be considered in different situations
and from different points of view. Another reason is its
potential for various applications.
Even though chaotic synchronization has been shown
in many cases to take place, it has also been realized that
this phenomenon is rather sensitive to drive and response
system parameter mismatch and different distortions in the
channel including noise [5]-[8]. A number of attempts have
been made o improve chaotic synchronization in the
presence of perturbations and noise [9]-[11], but the
problem is still far from being solved.
In this paper the master-slave synchronization of two
chaotic systems that interact over a noisy channel is
analyzed from an information theoretic point of view. It is
argued that arbitrarily precise synchronization, in the sense
of the mean square synchronization error, is possible if the
channel capacity is higher than the information production
rate of the master system. Thus, even with considerable
channel noise, very precise synchronization is possible. This
is in contrast to the intuitive idea that synchronization

Figure 1: Synchronization scheme. CS – chaotic source.
CR – chaotic receiver.
But in general, the physical nature of the signal in the
channel may be different from that of the signal at the
output of the drive system, i.e., in reality we change the
physical effect of the systems by an information about this
effect. Or, in other words, replace the physical interaction
by the information interaction.
In this approach the fundamental question is what
information and how much should we transmit to achieve
high quality synchronization of the drive system with the
response system? Another important question is how should
the information be used by the response system to design a
synchronization process?
The analysis to this questions in the case of 1D maps
was given in [12], [13].
This paper analyses the synchronization of chaotic
systems that correspond to 2D maps. We shall use Lozi
map [15], described by equations
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Figure 2: Synchronization by means of symbolic sequence. CS – chaotic source. CR –
chaotic receiver, K2 – quantizer.
x n +1 = ( α − 1) − α ⋅ x n + y n ,

(1)

y n +1 = β ⋅ x n ,
where α and β are parameters.
II. RESTRICTIONS FROM INFORMATION
THEORY FOR SYNCHRONIZATION
It follows from the Shannon theorem [16] that for high
quality synchronization of drive and response systems it is
sufficient to have a communication channel with the
capacity C ≥ I , where I - information volume per time.
This fact has been noticed in [14]. In the presence of
Gaussian noise (AWGN) the capacity of a noisy channel is
given by C = 1 ⋅ log 2 P + N . For instance, if I = 1 bit/sample,
2

N

than, in theory, synchronization can be achieved when
signal-to-noise ratio is less than 5 dB.
The "expense" for the possibility of synchronization in
the presence of noise is a special organization of the
information transmitted through the channel and a certain
time delay of the processes in the response system with
respect to those in the drive system.
In the conventional scheme with nonlinear
unidirectional coupling, the range of parameters where high
quality synchronization can be achieved is distant from
theoretical threshold value of 5 dB. In the next sections it
will be shown that this threshold value can be approached
by implementing chaotic synchronization scheme based on
symbolical sequence corresponding to the sequence of
chaotic timesteps.

III. LOZI MAP. INFORMATION PRODUCTION AND
SYMBOLIC DYNAMICS
For Lozi map, for the chosen values of parameters
α = 1.7; β = 0.5, information production I ≈ 0.7 bit/sample.
We can use symbolic dynamics for estimation of
information production [17], that corresponds to the
dynamics of map (1).

A special partitioning of the phase space, called the
generating partitioning, can guarantee equivalence between
the chaotic sequence and the symbolic sequence, that is, the
symbolic sequence contains all the information about
chaotic sequence. As for Lozi map, generating partition
consists of two regions, so symbolic dynamics is described
by two symbols, L for x < 0 and R for x > 0 [18].
Hence, to ensure synchronization a channel can be
used with capacity C > I = 0.7 bit/sample. However, it can
be preferable to use a channel with C = Imax = 1 bit/sample,
since in this case information that is stored in one sample
can be presented by 1 bit of binary sequence.

IV. SYNCHRONIZATION SCHEME
The proposed scheme is shown on Fig. 2. This scheme
assumes that a signal from a chaotic source x n is
transformed into –1, if x < 0 or +1 if x > 0. In channel,
this binary signal is subjected to noise: z n = X n + wn .
Noise distorts the value of the signal, hence the signal is
again transformed into a binary signal by another quantizer
before achieving a chaotic receiver: Xˆ n = sign( zn ) . The
±1 values of binary sequence correspond to symbols L
and R of the symbolic sequence. First, a problem with no
noise case will be analyzed.

V. RECONSTRUCTION OF A TRAJECTORY FROM
SYMBOLIC SEQUENCE
We are rewriting Lozi map equation (1) in such a way
that it will be a map that is contracting in both forward and
backward directions
xn =

α −1 1
β
− x n + x n −1 .
α
α
α

(2)

The map (2) is a contracting map because coefficients

1 / α and β / α are less than 1. Contracting features of the

Figure 3: Synchronization quality for the case of AWGN
channel. K=(SNRin – SNRout) - the criterion of the
synchronization quality.
map (2) may be used to improve evaluation of the xn by
using information about the xn-1 and xn+1.
Reconstruction algorithm uses the symbolic sequence
as an initial approximation for the chaotic trajectory.
Further approximations are given by the recurrent formula
 α − 1 1 i −1 β i −1 
x ni = X n x ni = X n 
− x n +1 + x n −1 
α
α

 α

Figure 4: SNR of the receiver output as a function of SNR
of the receiver input.
(Fig. 5), so it can be suggested that the proposed
synchronization scheme is likely to be optimal.

(3)

VI. SYNCHRONIZATION IN THE PRESENCE OF
NOISE
If binary information is transmitted via noisy channel
errors may appear in binary sequence. These errors may
lead to incorrect reconstruction of the chaotic signal thus
reducing synchronization quality. Fig 3 shows graphs that
illustrate the quality of synchronization when the
information is transmitted via a channel with additive white
Gaussian noise (AWGN). The synchronization with
maximum efficiency takes place when the SNR is about 7.5
dB.
It may be interesting to compare these results with the
data obtained when chaotic signals are directly transmitted
through noisy channel (Fig. 4).
In this case the
synchronization quality coefficient K = – 4.3 dB is always
negative. Thus, the proposed method dramatically changes
the situation and makes it possible to achieve
synchronization between the two systems through a channel
with sufficiently high noise level. The results in Fig. 3 are in
good agreement with a classical plot for error probability
when a binary signal is transmitted via AWGN channel

Figure 5: Error probability for the case of the transmission
of a binary signal through AWGN channel.

VII. CONCLUSIONS
The paper proposes a scheme for synchronization of
2D systems with unidirectional coupling, based on the
transmission of information about the stare of the drive

system. It has been shown that the amount of information
transmitted is determined by the information production rate
of the drive system. It was found that symbolic sequence,
corresponding to the dynamical systems contains all the
necessary information. The algorithm was proposed for
reconstruction of a chaotic sequence generated by Lozi map
and the synchronization quality as a function of noise level
in the channel was investigated numerically. The proposed
approach to the synchronization of chaotic systems is less
sensitive with respect to noise in channel than any other
method proposed before. The stability of this method almost
coincides with the theoretical estimate of the ultimate
stability.
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