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Compact High-Tc Superconducting Terahertz emitter operating up to 86 K
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We report on a Stirling-cooled compact Bi2Sr2CaCu2O8+δ intrinsic Josephson-junction stack with very
high critical current density and improved cooling, operating at bath temperatures Tb up to 86 K. The
square stand-alone stack is embedded between two sapphire substrates. For bath temperatures between
27.8 and 86 K emission is observed at frequencies from 0.356 to 2.09 THz. The emission power exceeds
1 μW at bath temperatures between 60 and 80 K for emission frequencies between 0.5 and 0.88 THz. A
record high value of 0.577 THz is obtained for the emission frequency at Tb = 80 K, which is important
for potential applications using liquid nitrogen as a coolant. We also compare our experimental results
with numerical simulations based on three-dimensional coupled sine-Gordon equations combined with
heat diffusion equations.
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I. INTRODUCTION

Terahertz (THz) emitters are investigated intensively
due to their potential applications in high-bandwidth
communication, public security, environmental monitor-
ing, etc. [1,2]. As compact solid-state devices, intrinsic
Josephson-junction (IJJ) stacks made of the high-critical-
temperature (Tc) superconductor Bi2Sr2CaCu2O8+δ

(BSCCO) have attracted much attention due to their poten-
tial to radiate especially at subterahertz frequencies [3–5],
and intensive experimental [6–38] and theoretical [39–64]
research has been performed. The possibility to perform
terahertz imaging [65–68] and gas detection [69] or to
realize an all-high-Tc integrated receiver [70] has been
demonstrated.

In BSCCO, terahertz radiation is generated by the ac
Josephson effect. A suitably patterned single crystal of
1-μm thickness forms a stack of N ∼ 670 IJJs. If the
voltage across all IJJs is equal, the junctions oscillate at
a frequency fJ = V/N�0 (0.4836 THz/mV per junction),
where �0 is the flux quantum and V is the voltage across
the stack. To obtain a high emission power Pe the IJJs
in the stack should be synchronized. Coherent off-chip
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terahertz emission was first demonstrated for 1-μm-thick
BSCCO stacks, with an extrapolated output power of up
to 0.5 μW for emission frequencies fe between 0.5 and
0.85 THz [6], and it has been proposed that resonant modes
utilizing the stack as a cavity and oscillating along the
width of the stack play an important role for synchro-
nization. A variety of cavity resonances have indeed been
found and analyzed [7–9,11,13,14,47,62–64]. For the best
stacks the detected terahertz power is now on the order of
tens of microwatts [22,23,27,70], with a maximum value
of 610 μW achieved by a synchronized three-mesa array
[22]. For typical stacks with lateral sizes in the 100-μm
range the emission frequency ranges from 0.2 to 2.4 THz
[25–27,35]. Further, it has been shown recently that also
smaller stacks can emit radiation between 1 and 11 THz
[37].

The large BSCCO stacks are subject to strong Joule
heating. Since the out-of-plane resistivity of this material
decreases with increasing temperature, the current-voltage
characteristics (IVCs) exhibit a positive differential resis-
tance at low currents but start to back-bend at larger
currents and the differential resistance becomes negative.
Above some current in the back-bending region, the cur-
rent and temperature distribution in the stack become
strongly nonuniform and a hot spot (i.e., a region with a
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temperature above Tc) forms [8,11,19,21,38,50,57]. The
hot spot can coexist with regions that are still supercon-
ducting, producing terahertz radiation. The hot spot also
affects the properties of the terahertz radiation. For exam-
ple, one observes a much lower linewidth of radiation in
the presence of the hot spot [18], and it can be helpful to
tune the frequency range of emission [28,31,71]. On the
other hand, Joule heating and, in particular, the formation
of the hot spot limits the maximum voltage across the stack
and thus the emission frequency.

Over time, to improve the thermal and electromagnetic
properties of IJJ stacks, gold-BSCCO-gold (GBG) stand-
alone stacks were fabricated instead of conventional mesas
patterned on a thick BSCCO base crystal, which has poor
thermal conductivity perpendicular to the layers (c direc-
tion) [17,70]. Subsequently, stacks sandwiched between
two thermally-well-conducting substrates were created for
a more efficient heat exhaust, and the highest emission
frequency was increased gradually [25–27]. In addition,
Tsujimoto et al. [32] observed an increase of the maxi-
mum emission frequency for Pb-doped BSCCO stacks and
argued that the higher interlayer critical current density jc
leads to an increase of the Josephson plasma frequency,
which most likely determines the cutoff frequency of emis-
sion. However, for high operating temperatures above
70 K, the reported BSCCO terahertz emitters always either
have no emission or radiate at a frequency well below 500
GHz [25–27,29,35], limiting their applicability.

To improve the emission properties especially at high
operating temperatures, we fabricate a stand-alone stack
from a slightly overdoped (rather than the typically used
slightly underdoped) BSCCO crystal with higher Tc of
approximately 91.5 K and jc (4.2 K) of approximately
2 kA/cm2, and then embed it in a sandwich structure for
efficient heat exhaust. The transport and emission char-
acteristics are studied at different bath temperatures Tb
from 27.8 to 86 K, with a tunable emission-frequency
range from 0.356 to 2.09 THz. A record high 0.577-THz
emission peak frequency is observed at Tb = 80 K.

II. SAMPLE PREPARATION AND
MEASUREMENT TECHNIQUES

The IJJ stack is fabricated from a slightly overdoped
BSCCO single crystal grown by a floating-zone technique,
with a transition temperature Tc of 91.5 K. To form the
stack, a 100-nm-thick gold layer is deposited on the surface
of the crystal immediately after cleavage by dual-adhesive
tape. The sample is then turned over and the gold-covered
side is glued onto the surface of a sapphire substrate by
polyimide. Next, the upper surface of the crystal is cleaved
by tape, and a 100-nm-thick gold film acting as the top
electrode is evaporated on the fresh crystal surface. By
photolithography a 200 × 200 μm2 square is patterned on
the gold film. Most parts of the GBG structure are removed

(a) (b)

Terahertz radiation

FIG. 1. (a) The BSCCO stack sandwiched between two sap-
phire substrates and mounted on a hemispheric sapphire lens.
Current and voltage leads are indicated. (b) The Cu holders used
to fix and cool the BSCCO stack (not to scale).

by ion milling, except for the parts underneath the pro-
tected square and the bottom gold film. The BSCCO part
of the structure has a thickness of about 900 nm, corre-
sponding to approximately 600 IJJs. To pattern the bottom
electrode, photoresist touching the square is pasted manu-
ally onto the bottom gold film and subsequently the unpro-
tected bottom gold parts are removed by ion milling. After
removal of the photoresist, the sapphire substrate hosting
the BSCCO emitter (200 × 200 μm2 wide) is glued onto a
hemispheric sapphire lens having a diameter of 6.0 mm.
Then another sapphire substrate, with one side covered
with a 100-nm-thick gold layer, is placed on the top surface
of the IJJ stack to contact the top electrode, as shown in
Fig. 1(a). Finally, the assembled sandwich structure is fixed
between two Cu holders [see Fig. 1(b)] and placed into a
Stirling cryocooler (RICOR K535), which can cool down
to 27.8 K from room temperature. The lateral size of the Cu
holder is 30 × 20 mm2, and the overall size of the device,
including the cryocooler, is about 41 × 35 × 21 cm3. The
terahertz radiation emitted from the IJJ stacks is modulated
by a mechanical chopper with a modulation frequency of
102 Hz and then detected by a Si bolometer. A homemade
terahertz interferometer with a resolution of about 15 GHz
is used to measure the terahertz-radiation frequency [72].

III. RESULTS

Figure 2(a) displays the out-of-plane resistance R of the
stack vs bath temperature Tb. Below Tc there is a contact
resistance of about 4 �, which amounts to almost half of
the sample resistance near Tc. Above Tc the contact resis-
tance may be temperature dependent, giving uncertainties
in estimating the doping state of the crystal from the shape
of R vs Tb. However, the fact that R vs Tb decreases with
decreasing temperature down to about 120 K indicates that
the crystal is indeed slightly overdoped, perhaps with δ

around 0.26 [73,74].
Figure 2(b) shows the outermost branch of the IVCs at

the four bath temperatures Tb = 27.8, 60, 70, and 85 K.
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FIG. 2. (a) Out-of-plane resistance of the BSCCO stack vs bath
temperature. (b) IVCs for four bath temperatures. The corre-
sponding terahertz-emission power is indicated by colors. The
emission power of the 85, 60, and 27.8-K curves is multiplied by
factors of 43, 2.6, and 56, respectively, to match the color scale.
For the 27.8-K curve black arrows indicate the sweep direction,
and for the 70-K curve a gray arrow marks a voltage jump.
(c) Fourier spectra of the emitted radiation for the bias points
A–H indicated in (b). Adjacent curves are vertically offset for
clarity, and the frequency values of the highest emission peak,
defining fe, are indicated for each curve.

The contact resistance is subtracted. For each curve the
current is ramped from 0 up to 120 mA and then decreased
back to zero. The IVCs exhibit a positive differential resis-
tance in the voltage state at Tb = 60, 70, and 85 K. At
Tb = 27.8 K the IVC exhibits strong back-bending,

indicating the presence of a hot spot for bias currents larger
than 28 mA. At Tb = 27.8 K the highest voltage across
the stack is 2.593 V (about 4.32 mV for each Josephson
junction), indicating the efficient cooling of this device.
When the current is increased from zero, for Tb = 27.8,
60, and 85 K the stack switches from the zero-voltage
state to the resistive state at a current of about 89 mA. For
Tb = 70 K the switching current is slightly lower, about
85 mA. The corresponding current densities are about
220 A/cm2. Although this value is higher than switching
current densities reported earlier [25,28,32,69,70] the fact
that the switching current is nearly temperature indepen-
dent over a large range of bath temperatures suggests that
the actual critical current Ic and the corresponding current
density jc must be much higher. For slightly overdoped
samples, measurements on small IJJ stacks revealed jc of at
least 2 kA/cm2 at 4.2 K, which would correspond to a criti-
cal current of 0.8 A for our stack [75]. The low value of the
observed switching current may arise from the nucleation
of some Josephson vortices, immediately switching the
whole stack into its resistive state. Such a scenario is not
unrealistic, since our stack is much larger than the Joseph-
son length, which is about 0.3 μm for jc = 2 kA/cm2

[60,61].
The terahertz-emission power, as detected by the Si

bolometer, is indicated by the colors in Fig. 2(b). Even at
the very high bath temperature of 85 K the device emits
radiation, with a maximum emission power of 107 nW
at bias point A in Fig. 2(b). Here, the emission frequency
is 0.371 THz [see Fig. 2(c)]. The highest emission power
of the stack occurs at Tb = 70 K, at I = 117.5 mA and
V = 0.865 V, and amounts to about 4.6 μW, with a mea-
sured emission frequency fe = 0.704 THz. For Tb = 60 K
the maximum emission power is 1.7 μW, at an emis-
sion frequency of 0.764 THz. At Tb = 27.8 K terahertz
emission is observed in both the high-bias region and the
low-bias region. In the high-bias region, the stack has
stable terahertz emission over a wide current range from
29.5 to 120 mA, covering a voltage range from 1.530
to 1.718 V and a frequency range from 1.255 to 1.382
THz. The maximum emission power is about 74.8 nW
at I = 119.3 mA [point D in Figs. 2(b) and 2(c)], with
an emission frequency fe = 1.259 THz. For frequencies
above 1.38 THz [bias point F in Figs. 2(b) and 2(c)] the
emission power strongly decreases; however, some sig-
nal is still present there, as indicated by the spectra at
bias points G and H located in the low-bias region [see
Figs. 2(b) and 2(c)]. The emission power detected at these
points is 12 and 6.6 nW, respectively. The highest record-
able emission frequency is around 2.09 THz and appears
at bias point H , at current I = 25.09 mA and voltage
V = 2.48 V.

Figure 3 shows more detailed data for a bath temperature
of 80 K (i.e., slightly above liquid-nitrogen temperature).
When the current is increased from zero, the stack switches
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FIG. 3. (a) IVC of the emitter, as measured at Tb = 80 K.
Arrows indicate the sweep direction. (b),(c) The emission power
as a function of I and V, respectively. (d) Fourier spectra of the
emitted radiation for bias points A–E indicated in (a).

to its resistive state at I ≈ 96 mA [see Fig. 3(a)]. Terahertz
emission can be observed for currents up to 160 mA [see
Fig. 3(b)], indicating that the temperature of the stack is
below Tc at least up to this current. The maximum emis-
sion power of 2.68 μW is observed at I = 117.2 mA and a
voltage of 0.603 V [bias point C in Fig. 3(a)]. Here, the
emission frequency is 0.513 THz [see Fig. 3(d)]. Over-
all, the device emits radiation in the frequency range from
0.483 to 0.577 THz. The latter value, to our knowledge, is
a record for operation above 77 K.

Figure 4(a) shows the emission power Pe vs emission
frequency fe at various color-coded Tb values. In Fig. 4(b)
fe is plotted vs Tb in the temperature range from 60 to
86 K, using Pe as color code. In this temperature range, the
emitter has a frequency range tunable from 0.356 to 0.881
THz, which is much higher than that in earlier reports [25–
27,29,35]. For bath temperatures between 27.8 and 86 K,
as plotted in Fig. 4(a), emission is observed over a fre-
quency range from 0.37 to 2.09 THz, with two prominent

(a)

(b)

FIG. 4. (a) Emission power Pe vs emission frequency fe [i.e.,
the peak positions and values taken from Fourier spectra such
as the ones shown in Figs. 2(c) and 2(d)] at various Tb values
indicated by the color code. Arrows and dashed lines indicate
emission peaks. (b) Emission frequency fe vs bath temperature
for Tb ≥ 60 K. The color code indicates the emission power Pe.

peaks in Pe near 0.5 and 0.75 THz, and a smaller one near
0.95 THz. These peaks originate from measurements in
the temperature ranges of 70–80 K, 60–70 K, and 50–55
K, respectively. These peaks are associated with cavity
resonances. For a square IJJ stack, resonant modes were
classified by Klemm et al. [63,64], and it was shown that,
apart from resonances oscillating with k half waves along
the length of the stack and l half waves along its width,
because of degeneracy of resonant modes of the square
geometry, there can be a number of mixed modes. Indeed,
the emission peaks observed near 0.5 THz in Fig. 4(b)
could match the TM(1, 1) mode predicted in Ref. [63]
(0.51 THz), and the peak near 0.75 THz could match the
degenerate TM(0, 2) and TM(2, 0) cavity resonance modes
(0.71 THz).

To obtain more insight into the electrothermal behavior
of the stack, particularly in view of high-temperature oper-
ation and in view of resonant modes, we simulate a 200 ×
200 μm2 stand-alone 600-junction stack with a critical
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current density jc = 2 kA/cm2 using three-dimensional
coupled sine-Gordon equations as in Ref. [61]. Some
results are shown in Fig. 5 and some technical details are
given in the Appendix. The model parameters used are
a first guess and no actual fit to the experimental data is
attempted. Figure 5(a) shows by points connected by lines
IVCs at four different bath temperatures. The data points at
I = 120 and 100 mA forming horizontal lines are obtained
by sweeping the bath temperature between 70 and 55 K at
fixed current. The shape of the IVCs is reasonably close to
that of the experimental IVCs at the corresponding values
of Tb, and we briefly mention here that similar simula-
tions using a critical current density of 1 kA/cm2 yielded
much worse agreement with the experimental data, indi-
cating that our estimate of jc is not unreasonable. With
respect to the IVCs in Fig. 5(a), at Tb = 28 K there is a
hot spot in the stack for bias currents between 120 and
24 mA, which is located near one of the edges of the stack.
At I = 120 mA the maximum (minimum) temperature in
the stack is 150 K (30.5 K). With decreasing current the
hot spot shrinks and dissolves below I = 24 mA, leading
to a jump in the voltage across the stack toward large val-
ues. Near the hot-spot nucleation point the hot spot can
be either present or absent in the stack depending on the
initial temperature distribution. We make use of this fact
at I = 24 mA where we use different initial temperature
distributions T > Tc and T = Tb to obtain states with and
without a hot spot. In the latter case the temperature in the
stack varies only weakly, between 23.8 and 35.9 K, while
in the former case the temperature varies between 30.5 and
100 K. For bath temperatures of 60, 70, and 80 K there
is no hot spot. For example, at Tb = 60 K and I = 120
mA the temperature varies smoothly between 67 and 82.5
K, the maximum temperature being reached in the center
of the stack. For lower currents the temperature variation
decreases further. For Tb = 70 K we find a temperature
variation between 77.8 and 82 K at I = 120 mA, and at
Tb = 70 K we obtain a variation between 86.7 and 89 K at
I = 120 mA.

The color scale in Fig. 5(a) is a measure for the emit-
ted terahertz power, which we calculate via the Poynting
vector integrated along the circumference of the stack.
The highest values are obtained near Tb = 60 K and I =
120 mA. The emission power smoothly decreases when
either the current is varied at Tb = 60 K or when the bath
temperature is increased at fixed current. For lower bath
temperatures the emitted power decreases more rapidly.
Overall, the observed variation of the emitted power is
much less than in the experiment.

At Tb = 70 K and I = 100 mA the simulated stack radi-
ates at a frequency of 0.51 THz, which is close to one of the
experimentally observed emission peaks in Fig. 4(a). For
this bias point, Fig. 5(b) shows a map of the power den-
sity 〈q‖(x, y)〉 dissipated by in-plane currents in the stack,
averaged over time and the z direction and given in the unit

(a)

(b) (c)

(d) (e)

(f) (g)

FIG. 5. Results of numerical simulation for a 200 × 200 μm2

stand-alone 600-junction stack with a critical current density
jc = 2 kA/cm2. (a) Outermost branch of the IVCs for four dif-
ferent bath temperatures (points connected by lines). Additional
points at I = 120 and 100 mA are obtained by our sweeping the
bath temperature at fixed current. The color scale indicates the
emission power, calculated from the Poynting vector taken along
the circumference of the stack. (b)–(g) Color maps showing the
in-plane distribution of the power density 〈q‖(x, y)〉 dissipated
by in-plane currents, averaged over time and the z direction.
(b),(c),(d): Tb = 70 K, I = 100 mA; (e) Tb = 60 K, I = 120 mA;
(f) Tb = 57.5 K, I = 100 mA; (g) Tb = 28 K, I = 120 mA. In (g)
the power scale is multiplied by 0.3.

of nanowatts per cubic micrometer. The pattern consisting
of four ring structures where 〈q‖(x, y)〉 is large, builds up
spontaneously from an initially homogeneous phase dis-
tribution after some 103 Josephson-oscillation periods and
is stable for at least 104 oscillation periods (about 20 ns).
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Regions of high dissipation in this type of plot coincide
with regions where columns (in the z direction) of flux-
ons and antifluxons have formed in the stack [60,61]. This
means that for the pattern in Fig. 5(b) these fluxons and
antifluxons form closed loops. Fig. 5(c) and 5(d) show
maps for the same bias point I = 100 mA and Tb = 70
K. For these plots we trigger various patterns by choos-
ing initial conditions for the Josephson phase difference,
consisting of one or two straight columns of alternating
fluxons and antifluxons extending along the x direction and
the y direction. The ringlike shape forms after some wait-
ing time and is again stable over at least 104 oscillation
periods. In addition, we are able to stabilize patterns where
four or five columns extend along x or y (i.e., (0, k) or (l, 0)

modes), and we also stabilize, for example, (5,5) modes
this way. The fact that so many patterns are able to exist at
the same bias indicates that the quality factor of these res-
onant modes is poor (presumably well below 10); that is,
we should not expect distinct “resonant” peaks in a plot of
emission power vs frequency. Figure 5(e) shows 〈q‖(x, y)〉
for the point of maximum emission at I = 120 mA and
Tb = 60 K. The pattern is similar to the one in Fig. 5(b);
however, the fluxon rings look somewhat less regular. We
observe patterns similar to the ones in Figs. 5(b) and 5(e)
over the whole range of the 80- and 70-K IVCs, and for
the 60-K IVC for bias currents down to 80 mA. In this
range the emission frequency varies by more than a fac-
tor of 2, consistent with the assumption of a poor quality
factor of the resonant modes. For bath temperatures below
60 K the 〈q‖(x, y)〉 patterns become much more irregular.
Figure 5(f) shows this for Tb = 57.5 K and I = 100 mA,
where the center part of the stack is at a temperature close
to Tc. Figure 5(g) shows an example for Tb = 28 K and
I = 120 mA, where a hot spot has formed in the lower
left part of the stack. For the present stack our simula-
tions never yield regular patterns in the hot-spot region,
indicating that for the high-current-density stack stable
phase-lock of the IJJs in the stack is achieved only at high
bath temperatures in the absence of a hot spot. The simu-
lations do not consider effects such as statistical variations
and c-axis gradients of, for example, the resistivity or the
supercurrent density. These effects are likely to be present
in the experimental stack and may further reduce the abil-
ity of the IJJs to phase-lock, such that a strong emission
power appears only at some fortunate biasing conditions.

Finally, for the bias points below 25 mA in the Tb =
28 K IVC in Fig. 5(a) no fluxon/antifluxon pattern is
excited in the stack. There is still emission but with power
below 0.5 μW.

The simulated patterns in Figs. 5(b)–5(f) are in very
good agreement with the patterns shown in Figs. 1 and
2 in Ref. [63]. Also in agreement with the predictions in
Refs. [63,64] we do not see TM(n, m) modes with n and m
not differing by a multiple of 2. Thus our work most likely
confirms the predictions in those papers.

IV. CONCLUSIONS

In summary, using a slightly overdoped BSCCO crystal
with high Tc and jc we fabricate a stand-alone IJJ stack with
good double-sided cooling. Using a Stirling cryocooler, we
study the transport and emission properties at bath tem-
peratures ranging from 27.8 to 86 K. By varying Tb and
the bias current, we achieve continuous terahertz emis-
sion with emission frequencies from 0.356 to 2.09 THz.
We also observe that the device can emit powerful tera-
hertz waves in the liquid-nitrogen temperature range, with
a record measured high emission frequency of 0.577 THz
at Tb = 80 K, which is very interesting for potential appli-
cations using liquid nitrogen as a coolant. In plots of
emission power Pe vs emission frequency fe we observed
resonancelike distinct peaks, arising from data obtained at
bath temperatures between 60 and 80 K. In this temper-
ature range, numerical simulations reveal regular patterns
of the power density dissipated by in-plane currents, con-
sisting of ring-shaped structures. A maximum in Pe vs fe is
observed, which, however, is much less pronounced than
in the experiment. We argue that the peak structures seen
in simulations and in the experiment are more related to
the ability of the IJJs in the stack to phase-lock than to the
resonance curve of a cavity mode.
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APPENDIX: TECHNICAL DETAILS OF
NUMERICAL SIMULATIONS

The basic model is described in Refs. [60,61]. Here
we give a short summary, with a focus on changes rel-
ative to the model discussed in Ref. [61]. The electrical
and thermal model parameters depend on temperature, and
thus, for an inhomogeneous temperature distribution, on
x, y, and z. Their spatial variation, as well as T(x, y, z),
are found by our self-consistently solving the thermal
equations (requiring Joule heat dissipation as an input from
the electric circuit) and the electrical equations (requir-
ing the temperature distribution in the stack, as determined
from the thermal circuit). In the present paper we consider
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a stand-alone IJJ stack (rather than a mesa) consisting of
N = 600 IJJs. The stack has a length Ls = 200 μm along
x and a width Ws = 200 μm along y. It is covered by
two gold layers and clamped between two substrates, their
outer surfaces kept at Tb. In the experiment, between the
lower substrate and the lower electrode of the BSCCO
stack there is a glue layer with thickness that is not well
defined, and there are various Kapitza resistances between
the different layers (e.g., between the upper Au electrode
and the upper substrates or between the Au electrodes
and the BSCCO stack). To keep the calculations simple
we assume that between each substrate and the BSCCO
stack there is a layer with poor thermal conductivity κg
and thickness dg that we use as a fit parameter to roughly
match the IVC at I = 120 mA and Tb to the experimental
curve. For the simulations presented we take dg = 10 μm
and κg = 1 W/(m K). We further assume for the thermal
description that the IJJ stack plus the contacting Au layer
has a temperature Tm(x, y) that is constant along z but can
vary along x and y. For the BSCCO thermal conductivity
we use the same values and temperature dependencies as
in Ref. [60]. In the z direction the substrates [thickness 100
μm, thermal conductivity 1000 W/(m K)] are discretized
by two segments, and each poorly conducting sheet is dis-
cretized by nine segments. For this geometry we solve
the heat-diffusion equation cdT/dt = ∇(κ∇T) + qs, with
specific heat capacity c, (anisotropic and layer-dependent)
thermal conductivity κ , and power density qs for heat
generation in the stack.

For the electric circuit we group the N IJJs in the stack
to M segments, each containing G = N/M IJJs, assumed
to have identical properties. During many calculations, it
turns out that the solutions (electric field and current dis-
tributions) we obtain are independent of G, provided that
they are stable in general, are captured by the discretization
used along the x and y directions, and G is low enough.
It turns out that the minimum value of G to reach stabil-
ity increases with increasing jc; for the present studies it is
below 10.

In the model the electric current density jext is injected
into the Au layer, which we assume to have a low enough
resistance to freely distribute the current before it enters the
IJJ stack in the z direction with a density jz,Au proportional
to the local BSCCO conductance σc(x, y) = ρ−1

c (x, y).
The full expression is jz,Au = 〈jext〉σc(x, y)/〈σc〉, the brack-
ets denoting spatial averaging. The same current leaves
the lower Au electrode. The z-axis currents consist of
Josephson currents with critical current density jc(x, y),
(ohmic) quasiparticle currents with resistivity ρc(x, y),
and displacement currents with (temperature-independent)
dielectric constant ε. For the temperature dependence of
jc we use a parabolic profile, jc ∝ 1 − (T/Tc)

2; for the
temperature dependence of ρc, see Ref. [60]. To avoid
weakly stable solutions we also add Nyquist noise created
by the quasiparticle currents. The in-plane currents consist

of a superconducting part, characterized by a Cooper-pair
density ns(x, y), a quasiparticle component with resistiv-
ity ρab(x, y), and a Nyquist-noise component. For constant
Tm(x, y) = 4.2 K we index the above quantities by an addi-
tional “0” and assume that they are constant with respect to
x and y. The temperature dependence of the various param-
eters is close to the experimental curves and is plotted in
detail in Ref. [60]. We further use Tc = 91.5 K.

We obtain sine-Gordon-like equations for the Josephson
phase differences γm(x, y) in the mth segment of the IJJ
stack [76]:

Gsds∇
(∇γ̇m

ρab

)
+ ds∇(j N

x,m+1 − j N
x,m) + Gλ2

k∇(ns∇γm)

=
(

2 + G2λ2
kns

λ2
c

)
jz,m − jz,m+1 − jz,m−1. (A1)

Here m = 1, . . . , M , ∇ = (∂/∂x, ∂/∂y), ds = 0.5 nm is
the thickness of the superconducting layers, and λk =
[�0ds/(2πμ0jc0λ

2
ab0)]

1/2, with the in-plane London pen-
etration depth λab0 and the magnetic permeability μ0.
λc = [�0/(2πμ0jc0s)]1/2 is the out-of-plane penetration
depth. Quantities j N

x,m are the in-plane noise current den-
sities. Time is normalized to �0/2π jc0ρc0s, resistivities
are normalized to ρc0, and current densities are normalized
to jc0.

For the out-of-plane current densities jz,m one finds [77]

jz,m = βc0

G
γ̈m + γ̇m

ρc,m
+ jc sin γm + j N

z,m, (A2)

where βc0 = 2π jc0ρ
2
c0εε0s/�0, s = 1.5 nm is the inter-

layer period, ε0 is the vacuum permittivity, and the
j N
z,m are the out-of-plane noise current densities. The in-

plane densities are calculated as in Ref. [61]. For the
electrical parameters we used the 4.2-K values ρc0 =
800 � cm, jc0 = 2 kA/cm2, and λab0 = 260 nm, and
further ρab(Tc) = 8 μ� cm and ε = 9, yielding λc =
93.5 μm, λk = 0.31 μm, and βc0 = 4.64 × 105.

To calculate IVCs the differential equations are dis-
cretized with use of 20 grid points along x and y. This low
resolution is necessary to keep the computation time rea-
sonable. To calculate the 〈q‖(x, y)〉 patterns shown in Fig. 5
we use 40 grid points in each direction. We further use
M = 100 for calculations at bath temperatures above 50 K
and M = 150 for Tb = 28 K. A fifth-order Runge-Kutta
scheme is used to evolve the above equations in time.

For a given set of input parameters, in a first initializ-
ing step we solve the heat-diffusion equation considering
dissipation by out-of-plane quasiparticle currents only, to
achieve stationary distributions for the temperature and
jext. Far away from the hot-spot nucleation point the ini-
tial temperature does not matter very much, and we use a
value above Tc. Near the hot-spot nucleation point there is
hysteresis; that is, temperature distribution with or without
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a hot spot can be realized, depending on the initial tem-
perature in the stack. Then, in a second initializing step,
heat-diffusion and sine-Gordon equations are solved simul-
taneously over typically 5000 Josephson oscillations. In
most simulations we start with a constant phase γ and just
evolve the dynamics over time. In some cases we trig-
ger solutions, by using cosine profiles of γ , alternating
between adjacent layers. This triggers fluxon-antifluxon
rows. After the initialization steps [60] various quantities,
partially averaged over spatial coordinates, are tracked as
a function of time to produce time averages or to make
Fourier transforms.
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