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Resonant Cavity Modes in Bi2Sr2CaCu2O8+x Intrinsic Josephson Junction Stacks
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We report on a detailed investigation of terahertz-emission properties related to resonant cavity modes.
We discuss data for an underdoped and an optimally doped Bi2Sr2CaCu2O8+x (BSCCO) intrinsic junction
stack having the same geometry. At high bias, in the presence of a hot spot, the emission frequency seems
to be continuously tunable by changing the bias current and the bath temperature. By contrast, at low
bias the emission frequencies fe are remarkably discrete and temperature independent for both stacks. The
values of fe point to the formation of (0, m) cavity modes with m = 3 to 6. The total voltage V across the
stack varies much stronger than fe, and there seems to be an excess voltage indicating groups of junctions
that are unlocked. For the case of the underdoped stack we perform intensive numerical simulations based
on coupled sine Gordon equations combined with heat-diffusion equations. Many overall features can be
reproduced well and point to an unexpected large value of the in-plane resistivity. However, unlike in
experiment, in simulations the different resonant modes strongly overlap. The reason for this discrepancy
is presently unclear.
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I. INTRODUCTION

Terahertz (THz) emitters consisting of stacks of intrinsic
Josephson junctions (IJJs) made of the high-transition-
temperature (high-Tc) cuprate Bi2Sr2CaCu2O8+δ (BSCCO)
have attracted great interest in recent years, in terms of
both experiment [1–50] and theory [51–83]. For recent
reviews, see Refs. [84–86]. BSCCO is a layered super-
conductor with alternating superconducting and insulating
sheets. A single crystal thus forms a natural stack of IJJs,
with approximately 670 IJJs per μm of crystal thick-
ness [87]. Due to the Josephson effect, in the resistive
state the supercurrents across each IJJ oscillate with a
frequency fJ = VJ /�0, where VJ is the voltage across
the junction and �0 is the flux quantum, �−1

0 = 483.6
GHz/mV. Assuming that the voltage drop across all N
IJJs in the stack is the same, the Josephson relation can
be written as fJ = V/N�0, where V is the total voltage
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across the stack. Coherent off-chip terahertz emission was
first demonstrated for 1-μm-thick BSCCO stacks, with an
extrapolated output power up to 0.5 μW and emission fre-
quencies fe between 0.5 and 0.85 THz [1]. The emission
frequency was found to be inversely proportional to the
width of the stack, leading to the conclusion that reso-
nant cavity modes oscillating along the width of the stack
play an important role in synchronization. A variety of
cavity resonances have indeed been found and analyzed
[2–4,6,8,9,12,25,41,49,53,62,63,67,74,80–82]. For a rect-
angular stack of length L and width W the cavity modes
can exhibit m half waves along the length and p half
waves along the width, and the resonance frequencies of
these modes are given by fc = c1

√
(p/2W)2 + (m/2L)2,

with the in-phase mode velocity c1. At low temperatures
and for very thick stacks c1 ≈ 7 × 107 m/s. The expres-
sion for fc implicitly assumes that the cavity modes are
well defined (i.e., have a high quality-factor). The expres-
sion also assumes that the whole stack is superconducting
and at a roughly constant temperature.

There are in fact two emission regimes for IJJ stacks,
which can roughly be distinguished from the shape of
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the current-voltage characteristics (IVCs). Since the out-
of-plane resistivity of BSCCO decreases with increasing
temperature, the IVCs exhibit a positive differential resis-
tance at low currents but start to backbend at larger cur-
rents and the differential resistance becomes negative. At
moderate input power (“low-bias regime”), Joule heat-
ing is small and the temperature distribution in the stack
is almost homogeneous and close to the bath tempera-
ture Tb. By contrast, in the “high-bias regime” the current
and temperature distributions in the stack become strongly
nonuniform and a hot spot—i.e., a region with a temper-
ature above Tc—forms [3,6,8,15,21,24,33,35,64,72]. The
hot spot grows in size with increasing current and can
coexist with regions that are still superconducting and pro-
duce terahertz radiation. In the presence of the hot spot,
one can still detect standing-wave patterns outside the hot-
spot region [3,6,8]. However, the size of the cold part of
the stack varies as a function of bias current and bath
temperature, and the geometric boundary conditions are
no longer purely fixed by the geometry of the stack. The
emission frequency becomes tunable [33,35,36]. Interest-
ingly, the linewidth of radiation is much lower in the
presence of the hot spot [14]. However, many samples do
not emit in the high-bias region, and the reason for this is
unclear.

There are, thus, many unresolved issues about THz
emission and standing-wave formation, asking for a
detailed study over a wide range of bias conditions and
possibly a close comparison to numerical simulations. We
perform such a study using two intrinsic Josephson junc-
tion stacks of the same geometry and a junction number of
about 700. The stacks are fabricated, respectively, from an
underdoped and an optimally doped BSCCO single crys-
tal. Both stacks emit in the low-bias regime. At high bias
only the optimally doped stack emits THz radiation. For
this stack, at high bias the emission frequency is contin-
uously tunable by changing the bias current and the bath
temperature, and all IJJs seem to be synchronized. By con-
trast, at low bias the emission frequencies fe are remarkably
discrete and similar for both stacks, pointing to the excita-
tion of (0, m) cavity modes with m = 3 to 6. Surprisingly,
the total voltage V across the stack varies much stronger
than fe, and there seems to be an excess voltage indicat-
ing groups of junctions that are unlocked. For the case of
the underdoped stack we also perform intensive numeri-
cal simulations based on coupled sine Gordon equations
combined with heat-diffusion equations [77,78,83]. Many
features, like the shape of the current-voltage characteris-
tics, the absence of high-bias emission, or the temperature
and voltage regions where emission occurs at low bias,
can be reproduced and point to an unexpected large value
of the in-plane resistivity. However, in our simulations
the different resonant modes strongly overlap for real-
istic model parameters. The pronounced discreteness of
the experimentally observed emission frequencies remains

unclear. We finally note that also in simulations the emis-
sion frequency in the high-bias regime—as far as there
was emission at all—turned out to be continuous in good
agreement with experiment.

II. SAMPLES AND EXPERIMENTAL
TECHNIQUES

We perform our measurements on stand-alone BSCCO
stacks embedded between gold electrodes, so-called gold-
BSCCO-gold (GBG) structures. The inset in Fig. 1 shows
a sketch of the geometry. The preparation of the sample is
described in detail in Ref. [26]. In brief, a BSCCO single
crystal is glued onto a silicon substrate with polyimide. A
100-nm-thick gold film is deposited on the crystal imme-
diately after cleaving. As the third step, a 400 × 200 μm2

wide rectangular mesa is fabricated using photolithogra-
phy. The thickness of the mesa is about 1.2 μm. The
sample is then glued to a MgO substrate using polyimide.
The base crystal is cleaved away by removing the silicon
substrate, leaving the mesa standing alone surrounded by
polyimide. The fresh surface is immediately covered with
a 100-nm-thick gold layer. Photoresist is patterned in a
rectangular, a 300 × 50 μm2-wide area over the cleaved
mesa using photolithography, and then the whole sample
is etched down to the bottom gold layer by ion milling,
resulting in a nominally (within about ±10% accuracy)
1.2-μm-thick stand-alone stack with lateral dimensions of
300 × 50 μm2 contacted by the top and bottom gold lay-
ers. The nominal thickness of the stack corresponds to
about 800 IJJs. In this paper, data of two samples are
presented. Sample 1 is fabricated from an Ar-annealed
underdoped BSCCO single crystal with Tc ≈ 76 K. Sam-
ple 2 is fabricated from an as-grown BSCCO single crystal
near optimal doping with Tc ≈ 89 K. The samples are

FIG. 1. Resistance of the BSCCO stacks sample 1 (thin line)
and sample 2 (thick line) vs bath temperature Tb. Inset shows a
sketch of the stacks.
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mounted separately onto hemispherical silicon lenses 6
mm in diameter and placed into a Stirling cooler, which
can cool down to 27.8 K from room temperature. The
THz radiation is focused by the lens, then transmitted
outward through a homemade Fourier-transform infrared
spectrometer and is finally detected by a Golay cell. The
IVCs, the THz emission power Pe, and frequency-resolved
spectra determining the emission frequency fe can be mea-
sured simultaneously. The power-detection and frequency
measurements are similar to our previous studies [6].

Figure 1 shows the dependence of the c-axis resistance
of the two samples on bath temperature Tb. Below Tc
nearly temperature-independent contact resistances of 13.5
and 23.5 � are observed for samples 1 and 2, respectively.
About 9 � (sample 1) and 13 � (sample 2) arise from the
resistance between the BSCCO stacks and the contacting
Au layers, the remaining resistance is due to the wiring
scheme. The contact resistances are subtracted from the
measurements discussed below.

III. RESULTS

To introduce our transport and emission measurements,
Fig. 2 shows data for sample 2, taken at Tb = 55 K. The
inset in (a) shows the IVC, measured for currents between
0 and 40 mA. For this and other recordings of IVCs
addressed below we ramp up the current from zero to some

maximum value and then decrease the current back to zero.
In the IVC shown in Fig. 2(a), upon increasing current, the
stack switches at I = 33 mA from the zero-voltage state
to an intermediate state where some groups of junctions
are resistive and finally, at I = 35 mA, it switches to a
state where all junctions in the stack are resistive. When
the current is decreased, all IJJs remain in their resistive
state until, for currents below 6.5 mA, some junctions and
finally all of them return to the zero-voltage state. The
THz-emission power Pe is bolometrically detected simul-
taneously to the IVC recording and plotted in Fig. 2(b) vs
bias current. Upon decreasing current, the sample starts
to emit at currents below 22 mA and displays a shallow
emission maximum near I = 17 mA and V = 0.88 V, i.e.,
near the maximum voltage in the IVC. There is a stronger
emission maximum at a current of about 9 mA. We next
take THz-emission spectra at several bias points. 18 of
them, recorded at the bias points indicated by circles in
Figs. 2(a) and 2(b), are displayed in Fig. 2(c). For the spec-
tra (1) to (9) there is only a single emission peak with
power Pe at frequency fe, which slightly shifts to lower-
frequency values when decreasing the bias current. The
linewidth of the peaks of roughly 7.5 GHz is given by the
frequency resolution of our spectrometer. For each spec-
trum, fe and the voltage V are indicated in the graphs. From
the relation fe = V/N�0 we deduce a junction number of
N = 705 ± 5 in this regime. For spectra (10) to (13), which

(a) (b)

(c) FIG. 2. For sample 2, (a) IVC
at Tb = 55 K on a large current
and voltage scale (inset) and on
enlarged scales (main graph) near
the voltage maximum. (b) THz-
emission power Pe vs bias current.
Graphs (c) show 18-THz emission
spectra at bias points indicated by
circles in (a) and (b). The spec-
tra are vertically offset for clarity.
Numbers in the graphs indicate
the emission frequencies (peaks in
the emission spectra) fe and the
voltage V across the stack. Note
the enlarged power scale for spec-
tra (10) to (13). Arrows in the
inset in (a) indicate the direction
of current sweep.
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are taken near the minimum in Pe vs I in Fig. 2(b) we
find two emission peaks located near 0.565 and 0.517 THz.
This implies that either the stack switches between the two
oscillation frequencies in time or it has grouped the IJJs
into (at least) two regions along the z axis where the junc-
tions oscillate at different frequencies at the same time and
thus develop different dc voltages. When decreasing the
current further the lower-in-frequency peak survives and
shifts to lower values of fe, cf. spectra (14) to (18). For this
low-frequency peak we would infer values of N between
785 and 770, the value decreasing with decreasing current.
We thus see that, at least for the data taken at Tb = 55 K,
the emission frequency varies in an almost discrete way,
with an unclear junction number inferred from the total
voltage V.

To address this in more detail we next show in Figs. 3(a)
and 4(a) families of IVCs taken at bath temperatures
between 28 and 70 K. Figure 3(a) is for sample 1 and

(a)

(b)

FIG. 3. For sample 1, (a) IVCs at different temperatures Tb (28,
30, 35 K and from 40 to 70 K in steps of 2.5 K). The color code
indicates the emission power Pe. (b) Emission frequency fe vs
voltage V across the stack for all bath temperatures. The solid
line corresponds to V = Nfe�0 with N = 700. The asterisks and
open circles represent the selected bias points to measure fe for
Tb = 40 K and Tb = 45 K, respectively. Dashed arrows in (a)
indicate the direction of the current sweep.

(a)

(b)

FIG. 4. For sample 2, (a) IVCs at different temperatures Tb
from 28 to 70 K in steps of 2 K. The color code indicates the
emission power Pe. (b) Emission frequency fe vs voltage V across
the stack for all bath temperatures. The solid line corresponds
to V = Nfe�0 with N = 710. Dashed arrows in (a) indicate the
direction of the current sweep.

Fig. 4(a) sample 2. Each IVC is recorded as described for
Fig. 2. For sample 1, THz emission, displayed by the color
scale in Fig. 3(a), is only detectable in the low-bias regime
where the differential resistance in the IVC is positive. The
maximum voltage where emission occurs is about 1.1 V
and the current range where emission is seen is between 2
and 10 mA. The emitting region seems to be weakly modu-
lated in roughly vertical stripes, a feature that has been seen
in the past [27,32,41,77] and is attributed to the formation
of different standing waves being excited in the stack.

Figure 3(b) shows emission frequencies fe, inferred from
a large number of spectra, vs the total voltage V across
the stack. The scatter of the data points along the fre-
quency axis is much less than the scatter along the voltage
axis and one clearly observes four discrete emission fre-
quencies near 0.36, 0.47, 0.58, and 0.71 THz. These val-
ues indicate that (0,3), (0,4), (0,5), and (0,6) resonances
have formed in the stack under the various bias con-
ditions. Unfortunately, the contacting Au layers are too
thick (100 nm) to perform low-temperature scanning laser
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microscope measurements, which are usually done using
Au thicknesses of 30 nm or less. However, we note here,
that for our geometry the resonance frequencies of (1, m)

modes—such modes are usually considered for strong
radiation—would be 720 GHz or higher, with the excep-
tion of m = 0, which is degenerate with the (0,6) mode.
However, the fact that the emission power observed near
710 GHz is not very large is in contrast to the expec-
tation that the (1, 0) mode radiates stronger than (0, m)

modes. Thus, unless one invokes higher modes associated
with mode velocities cq ≈ c1/q (q = 2, 3, 4, etc.), only the
modes (0,3), (0,4), (0,5), and (0,6) are compatible with
the data. For the mode velocity c1 = 2Lfe/m, m being the
mode index and L = 600 μm being the length of the stack,
we find a value of 7.1 × 107 m/s, which is consistent with
previous measurements [16,85]. The solid line in Fig. 3(b)
is given by the function fe = V/N�0, with N = 700 being
(approximately) the total number of IJJs in the stack. While
a large number of data points is located on or at least near
this line, some of the data points are clearly located at
higher voltages, and some are located at lower voltages.
Data points left of the solid line can be explained natu-
rally by assuming that some of the junctions in the stack
have switched back to the zero-voltage states. In simula-
tions, cf. Sec. IV, we find that a number of junctions being
located at the top or the bottom of the stack are not locked
to the resonance that has formed, but have developed a
higher dc voltage. In these simulations, the total voltage
across the stack can exceed by more than 10% the voltage
expected for all junctions being locked. This seems to be
a natural explanation for the spread in V. We further note
that between the regions where different resonances occur
the IVCs exhibit jumps and sometimes changes of slope.
If all junctions of the stack were locked to a given reso-
nance one would expect a step (an upturn) in the IVC with
low differential resistance. If, however, at the same time
the number of locked junctions varies, the shape of such
steps could become very complicated, like observed for
sample 1. For clarity, in Fig. 3 we have marked some of the
subsequent spectra taken at bath temperatures of, respec-
tively, 40 and 45 K with asterisks and open circles. One
observes a tendency that, when the emission frequency has
jumped toward a lower value while decreasing the bias cur-
rent, the voltage is larger than expected for the resonance,
while before the jump it is close to the value expected for
all junctions being locked. This goes in line with the data
discussed in Fig. 2 and indicates that transitions to lower-
index resonances occur when the point of strongest phase
lock is exceeded.

Figure 4(a) shows families of IVCs for sample 2. In spite
of the very different doping state of this sample compared
to sample 1, the overall shape of the IVCs is very similar
to the ones shown in Fig. 3(a), indicating that the (subgap)
resistance and the thermal parameters of both samples are
not too different. In contrast to sample 1, sample 2 also

emits in the high-bias regime, i.e., in the presence of a hot
spot, although with low emission power. At low bias the
appearance of stripelike modulations of the emitted THz
power is less evident than for sample 1. Still in a plot of
fe vs V, cf. Fig. 4(b), one observes discrete values for the
emission frequencies in the low-bias regime (solid circles),
which are very close to the frequency values observed
for sample 1. By contrast, in the high-bias regime (open
squares) the emission frequencies seem to vary continu-
ously. This is also a feature that has been observed many
times before; it can be attributed to the fact that the hot
spot (and thus also the cold region) can have variable sizes
and positions. The solid line in Fig. 4(b) is given by the
function fe = V/N�0, with N = 710. The high-bias data
are located very close to this line whereas, like for sample
1, in the low-bias regime some data points are significantly
shifted towards the right of the line. Further note that the
emission frequencies observed in Fig. 2 would correspond
to a transition between the (0,5) and the (0,4) mode.

To further evaluate our data we show, for sample 1 in
Fig. 5(a), emission frequencies vs bath temperature and
in Fig. 5(b) the emission power vs emission frequencies.
Color scales in (a) and (b) denote emission power and bath
temperature, respectively. In both plots, the discreteness of
the values of fe is evident and, in addition, from Fig. 5(a) it
is seen from the temperature independence of the resonant
frequencies, that the mode velocity c1 is basically temper-
ature independent. This result is surprising, because from
coupled sine-Gordon equations one expects c1 to decrease
with temperature and even approach zero for Tb → Tc. The
reason is the decrease in Cooper-pair density with increas-
ing temperature, resulting in an increase and for Tb → Tc
the divergence of the kinetic inductance associated with
supercurrent flow. In fact, in Ref. [34] the decrease of the
emission frequency with bath temperature was reported for
two mesa structures. By contrast, for a stand-alone stack
the emission frequency was also found to be temperature
independent. We will address this further in Sec. IV.

For sample 2, Fig. 6 shows (a) fe vs Tb and (b), (c) Pe
vs fe. For this sample, emission was detectable both in the
presence of a hot spot (square symbols) and at low bias
(circles). Both plots confirm that in the high-bias regime
the emission frequency varies continuously, while at low
bias the emission frequencies are discrete and, as far as
detectable, independent of Tb.

IV. COMPARISON TO SIMULATIONS

Our simulations are based on coupled sine-Gordon
equations combined with heat-diffusion equations, as
described in detail in Refs. [77,78,83]. In these simulations
hot-spot formation is included, as well as the appearance of
standing electromagnetic waves. These waves are in fact
accompanied by the formation of almost static columns of
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(a)

(b)

FIG. 5. For sample 1, (a) emission frequency fe vs bath tem-
perature Tb over a large temperature range up to 70 K. The color
code indicates the emission power Pe. (b) Emission power Pe vs
emission frequency fe at various Tb values indicated by the color
code.

Josephson fluxons and antifluxons [77,78], as predicted in
Refs. [52–54].

In the model, the electrical and thermal model param-
eters depend on temperature, and thus, for an inhomoge-
neous temperature distribution, on coordinates x, y, and z.
Their spatial variation, as well as T(x, y, z), are found self-
consistently by solving the thermal equations (requiring
Joule heat dissipation as an input from the electric cir-
cuit) and the electrical equations (requiring the temperature
distribution in the stack, as determined from the thermal
circuit). In the present paper we consider a stand-alone IJJ
stack, with Tc = 75 K, consisting of N = 700 IJJs. These
parameters are not too far from those of sample 1. The
rectangular stack has a length Ls = 300 μm along x and
a width Ws = 50 μm along y. It is covered by two gold
layers and cooled from the bottom side. The bottom of the
substrate is kept at bath temperature Tb. We assume that
between the substrate and the BSCCO stack there is a layer
with poor thermal conductivity κg and thickness dg , which

(a)

(b)

(c)

FIG. 6. For sample 2, (a) emission frequency fe vs bath tem-
perature Tb over a large temperature range up to 70 K. The color
code indicates the emission power Pe. (b) and (c) show emission
power Pe at high bias and low bias, respectively, vs emission
frequency fe at various Tb values indicated by the color code.

we use as a fit parameter to roughly match the Tb = 28 K
IVC to the experimental curve. For the simulations pre-
sented we take dg = 30 μm and κg = 1 W/mK. We further
assume for the thermal description that the IJJ stack plus
the contacting Au layer have a temperature Tm(x, y), which
is constant along z but can vary along x and y. For the
BSCCO thermal conductivity we use the same values and
temperature dependences as in Ref. [83]. In z direction the
substrate (thickness 100 μm, thermal conductivity 1000
W/mK) is discretized by two segments, and each poorly
conducting sheet by nine segments. For this geometry, we
solve the heat-diffusion equation cdT/dt = ∇(κ∇T) + qs,
with the specific heat capacity c, the (anisotropic and layer
dependent) thermal conductivity κ , and the power density
qs for heat generation in the stack.
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For the electric circuit we group the N IJJs in the
stack to M = 50 segments, each containing G = N/M =
16 IJJs, assumed to have identical properties. G explic-
itly appears in the electrodynamic equations and leads to
well-behaved scaling, i.e., in particular, in-phase dynamic
solutions appear almost independent of the choice of M ,
provided that M is sufficiently large.

In the model the electric current density jext is injected
into the Au layer, which we assume to have a low enough
resistance to freely distribute the current before it enters
the IJJ stack in z direction with a density jz,Au proportional
to the local BSCCO conductance σc(x, y) = ρ−1

c (x, y). The
full expression is jz,Au = 〈jext〉σc(x, y)/〈σc〉, the brackets
denoting spatial averaging. The same current leaves the
lower Au electrode. We solve sine-Gordon-like equations
for the Josephson phase differences γl(x, y) in the lth
segment of the IJJ stack:

Gsds∇
(∇γ̇l

ρab

)
+ Gλ2

k∇(ns∇γl)

=
(

2 + G2λ2
kns

λ2
c

)
jz,l − jz,l+1 − jz,l−1. (1)

Here, l = 1 . . . M , ∇ = (∂/∂x, ∂/∂y), ds = 0.5 nm is
the thickness of the superconducting layers and λk =
[�0ds/(2πμ0jc0λ

2
ab0)]

1/2, with the in-plane London pene-
tration depth λab0 and the magnetic permeability μ0. λc =
[�0/(2πμ0jc0s)]1/2 is the out-of-plane penetration depth.
Time is normalized to �0/2π jc0ρc0s, resistivities to ρc0 and
current densities to jc0.

The z-axis currents consist of Josephson currents with
critical current density jc(x, y), (ohmic) quasiparticle cur-
rents with resistivity ρc(x, y) and displacement currents
with (temperature-independent) dielectric constant ε. One
obtains

jz,l = βc0

G
γ̈l + γ̇l

ρc,l
+ jc sin(γl) + j N

z,l , (2)

with βc0 = 2π jc0ρ
2
c0εε0s/�0; s = 1.5 nm is the interlayer

period, ε0 is the vacuum permittivity, and the j N
z,l are the

out-of-plane noise current densities. The in-plane current
densities are calculated as in Refs. [78,83]. For the elec-
trical parameters we use the 4.2-K values ρc0 = 1550 �

cm, jc0 = 250 A/cm2, λab0 = 260 nm, and ε = 9, yielding
λc = 264 μm, λk = 0.88 μm, and βc0 = 2.18 × 105. For
the temperature dependence of jc we use a parabolic pro-
file, jc ∝ 1 − (T/Tc)

2; for the temperature dependence of
ρc see Ref. [77].

The choice of ρab(T) requires some discussion. In gen-
eral, ρab(T) (like other model parameters also) is a function
of both temperature, frequency, and the doping state of
the BSCCO crystal. Since we cannot implement this fully
in our model we focus on the relevant frequency range

between 0.3 and 0.7 THz and temperatures above 25 K
and we approximate ρab(T) by σ−1

1 , where σ1(T) is the
real part of the in-plane microwave conductivity. σ1(T)

exhibits a shallow maximum below Tc, and consequently
ρab(T) has a minimum at this temperature. We found
through many simulations that our results depend critically
on this minimum value. For the present simulations we
use the results of Ref. [88] for σ1(T), where in the fre-
quency range between 0.3 and 0.7 THz σ1(T) is found to
vary in the range (0.7 − 1.7) × 106 �−1m−1. We approx-
imate this σ1(T) by a parabolic temperature dependence
below Tc continuing ∝T−1 for temperatures above Tc. For
the minimum ρab,min at T = 50 K, taking into account
that in our model only slabs (the CuO2 layers) of 0.3-
nm thickness are conducting, one expects values in the
range (12–29) μ� cm. For 12 μ� cm it turns out the
stack dynamics is too strongly damped. Below we thus
show results for ρab,min values of 20 and 30 μ� cm, which
still seems to be too low to explain all features found
experimentally.

We also study two types of boundary conditions with
respect to jz. In our standard simulations we approxi-
mate the current densities leaving the stack by the (time-
independent) applied current density, as described above.
For these conditions, all high-frequency components gen-
erated by the Josephson effect are confined in the stack.
Below, this is referred to as boundary condition 0 (BC =
0). To allow ac currents to flow into the Au layer we now
also consider a configuration where we explicitly include
the Au layers, modeled as ideal conductors. These layers
are separated from the actual stack by a “dead layer” of
thickness dd mimicking the contact resistance of the sam-
ple. In the simulation discussed below dd is set to 30 nm
and for the contact resistance ρc(T) of the BSCCO stack
is used. This boundary condition is referred to as boundary
condition 1 (BC = 1). It in fact turned out during the simu-
lations done for the present paper that BC = 1 has a similar
effect as using BC = 0 with a reduced value of ρab,min. In
other words, the Au layer, as we included here acts like an
additional damping element.

In an initial sequence of simulations we discretized the
stack using 50 grid points along x and 10 grid points along
y and calculated IVCs for different bath temperatures. In
these simulations we always found (0, m) cavity modes.
We thus restricted ourself to a 2D configuration, using only
one grid point along y for further calculations.

A fifth-order Runge-Kutta scheme is used to evolve
the above equations in time. For a given set of input
parameters, in a first initializing step we solve the heat-
diffusion equation considering dissipation by out-of-plane
quasiparticle currents only, in order to achieve station-
ary distributions for the temperature and jext. Then, in a
second initializing step, heat-diffusion and sine-Gordon
equations are solved simultaneously over typically 5000
Josephson oscillations. In most simulations we start with
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constant phases γl = 0 and evolve the dynamics over time.
In some cases we trigger solutions, by using cosine profiles
for γl, alternating between adjacent layers. This triggers
fluxon-antifluxon rows. Further, all simulations are initial-
ized in a state where all junctions are resistive, by using
proper initial conditions for the γ̇l. After the initializa-
tion steps various quantities, partially averaged over spatial
coordinates, are tracked as a function of time to produce
time averages or to make Fourier transforms. In partic-
ular, we calculate spatially resolved time averages of the
power 〈q(x)〉 dissipated by in-plane currents [77], as well
as Fourier transforms of the integrated power q|| dissipated
by in-plane currents oscillating at the Josephson frequency.
〈q(x)〉 has turned out to be an effective quantity to identify
resonant modes while q|| serves as a surrogate for the emit-
ted radiation for which we have no direct numerical access
in our simulations.

Figures 7(a)–7(c) show simulated families of IVCs for
different bath temperatures and three sets of parameters:
(a) boundary condition 0 and ρab,min = 30 μ� cm, (b)
boundary condition 0 and ρab,min = 20 μ� cm, and (c)

(a) (b)

(c) (d)

FIG. 7. Simulated families of IVCs for different bath tempera-
tures using (a) boundary condition 0 and ρab,min = 30 μ� cm, (b)
boundary condition 0 and ρab,min = 20 μ� cm, and (c) boundary
condition 1 and ρab,min = 30 μ� cm. For currents between 5.6
and 37.5 mA IVCs are displayed for bath temperatures between
28 and 68 K, with a temperature step of 4 K between adjacent
curves. For currents below 5.6 mA the bath temperature varies
between 28 and 71 K and the temperature step between adjacent
curves is 1 K. The color scale indicates the power q|| dissi-
pated by in-plane currents oscillating at the Josephson frequency.
Graph (d) is based on the current and voltage data of graph (c)
and uses the relative excess voltage V/N�0fe − 1 as the color
scale.

boundary condition 1 and ρab,min = 30 μ� cm. All other
model parameters are the same for the three graphs. The
color scale indicates the power q|| dissipated by in-plane
currents oscillating at the Josephson frequency.

The overall shape of the calculated IVCs at a given bath
temperature is nearly the same for all three graphs and it
is not too far from the experimental IVCs shown in Fig. 3.
In the simulated curves, the high-bias regime, where a hot
spot has formed, starts at currents above about 7 mA. In
this high-bias regime, the values for q|| are very small in
Fig. 7(a). Only in a few points q|| is on the order of 5
μW. In contrast, in Figs. 7(b) and 7(c) one observes an
“emitting” regime at high bias. Here, as well as in many
other simulations of IJJ stacks we observe that the emission
frequency varies continuously, in agreement with experi-
mental data. With respect to the observability of emission
it in fact has turned out during many simulations, that for
high in-plane damping (low values of ρab,min) standing-
wave formation is robust in the presence of a hot spot.
For increasing values of ρab,min, the stack becomes increas-
ingly more instable against the formation of out-of-phase
modes or disordered phase distributions, resulting in a loss
of in-phase resonant modes. The precise value of ρab,min
depends on the other model parameters and on the bound-
ary condition used, cf. Fig. 7(c), but in most cases requires
values well above 20 μ� cm, which is on the upper limit
of the values expected from microwave conductivity mea-
surements. We have further seen in other simuations that in
the high-bias regime the formation of collective resonant
modes becomes instable under the effect of vertical gra-
dients in junction parameters, e.g., the out-of-plane resis-
tance. This may also contribute to the nonobservability of
the high-bias emission for some samples.

In the low-bias regime, the temperature variation in the
stack is smooth, exhibiting a parabolic shape with a max-
imum in the center of the stack, which is typically 2–3
K above bath temperature. In this regime we cannot find
standing waves at high voltages, e.g., above 1.2 V for the
curves shown in Figs. 7(a)–7(c). Even triggered waves die
out in this regime. Standing waves, leading to large val-
ues of q||, are observed for voltages between 0.3 and 1.1
V (0.43–1.57 mV per junction) and for currents below
about 6 mA. In this regime different (0, m) modes are
excited, with m between 3 and 7. The overall shape of the
region where resonances have formed resembles the emit-
ting region in the experimental data, although the current
and voltage ranges, where sample 1 emits, are somewhat
larger than in simulation. Different from experiment, how-
ever, the calculated data look smooth and do not exhibit a
stripelike modulation.

Let us turn to a more detailed discussion of the low-bias
regime. In experiment it has been seen that the voltage V
across the stack can exceed by around 10% the voltage
expected from the Josephson relation when all junctions
are locked to some resonant mode. To investigate this in
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our simulations we plot the quantity V/N�0fe − 1, yield-
ing the relative excess voltage compared to the case when
all junctions are locked to a resonance, for a large num-
ber of data points. The result is shown in Fig. 7(d) for the
IVC families plotted in Fig. 7(c). We observe an excess
voltage of up to 10% in the region of strong low-bias emis-
sion. Another region with excess voltages in the 2% range
appears at high bias, in a region where q|| is relatively low.
Except for this region the excess voltage at high bias is
almost zero.

To address the excess voltage in the low-bias regime fur-
ther, we plot in Fig. 8(a) the low-bias part of the IVC at
Tb = 47 K and in Fig. 8(b) we plot for selected normalized
bias currents the segment-resolved voltage per junction vs
the segment index l (running from 1 to 50). In (a) the
color scale is given by q||. For currents between 3.5 and
2.6 mA an m = 5 mode has developed in the stack. One
notes in Fig. 8(a) that the maximum value of q|| is reached
at the very end of the resistive branch, i.e., right before
large groups of junctions switch back to the zero-voltage
state. One further notes that in the current range between
3.66 and 2.72 mA, where the m = 5 mode has formed,
the slope of the IVC is almost linear, a feature that can at
least sometimes be seen in the experimental IVCs. In this
current range, with decreasing current, the excess voltage
increases from 2.1% to 8.2%. For the lowest bias point in
the fully resistive state, exhibiting the highest value of q||,
the excess voltage is even larger, 13%.

The curves in Fig. 8(b) are an indicator of which parts of
the stack are locked to the resonant mode (for phase-locked
segments, the voltages Vl are identical). For a normalized
current I/Ic0 of 0.1 (Ic0 = 37.5 mA) the m = 5 resonance
has not yet developed. The resonance develops at lower
current values, however only the inner segments of the
stack are locked to the resonance while the voltage across

(a) (b)

FIG. 8. For the model parameters of Fig. 7(c), (a) low-bias part
of the IVC at Tb = 47 K and (b) segment-resolved voltages per
junction Vk/G vs segment index l for normalized bias currents
I/Ic0 between 0.1 and 0.07 in steps of 0.025, with Ic0 = 37.5 mA.
The color scale in (a) indicates the power q||. Arrows from (a) to
(b) indicate the two outermost bias points in the IVC for which
Vk/G is shown in (b).

the segments located near the top and bottom part of the
stack is higher, i.e., Josephson currents in these segments
oscillate at higher frequencies. With decreasing current, the
number of locked segments increases, however even for
I/Ic0 = 0.07, the bias for which q|| is highest, the phase
lock is incomplete and consequently there is a positive
excess voltage.

Another important experimental observation was the
clear discreteness of the resonant frequencies, cf. Fig. 5.
This is clearly different from our simulations where the res-
onant modes seem to strongly overlap. To investigate this
more clearly we trigger resonant modes between m = 3
and m = 6 for a fixed normalized current I/Ic0 = 0.1 and
vary the bath temperature to change the voltage across the
stack and also the resonant frequency. Results are shown
in Figs. 9(a)–9(c) where we plot q|| vs the “emission
frequency” fe. The graphs are for different model param-
eters, (a) boundary condition 0 and ρab,min = 30 μ� cm,
(b) boundary condition 0 and ρab,min = 20 μ� cm, and
(c) boundary condition 1 and ρab,min = 30 μ� cm. As it

(a) (b)

(c) (d)

FIG. 9. Power q|| vs emission frequency fe for different resonant
modes between m = 3 and m = 6 and (a) boundary condition 0
and ρab,min = 30 μ� cm, (b) boundary condition 0 and ρab,min =
20 μ� cm, and (c) boundary condition 1 and ρab,min = 30 μ�

cm. For the parameters of (c), graph (d) shows Vl/G vs the seg-
ment index l. Thick lines are for the m = 5 mode, thin lines for
the m = 4 mode. To obtain the data in (a) to (d) the bath tempera-
ture is varied in steps on 1 K. Selected values of Tb are indicated
in (d). In (a) the leftmost points are calculated for Tb = 50 K
(m = 6), 51 K (m = 5), 55 K (m = 4), and 62 K (m = 3). In (b)
the corresponding values are 47 K (m = 5), 48 K (m = 4) and 56
K (m = 3), and in (c) the leftmost points are calculated at 49 K
(m = 6 and 5), 51 K (m = 4), and 54 K (m = 3).
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should be expected for a resonance, q|| for each mode
runs over a maximum as a function of fe. In all cases
the resonances strongly overlap, pointing to a low quality-
factor of all modes. This seems to be a real difference to the
experimental observation. To resolve the issue one could
assume that ρab,min is significantly (at least 1 order of mag-
nitude) higher than expected. Another possibility could be
that, for some reason, resonant modes are only excited near
their respective maxima.

Let us discuss the different curves in Figs. 9(a)–9(c) in
more detail. In all curves the rightmost point in each curve
is for the highest bath temperature where a given resonance
turned out to be stable. For the subsequent points the bath
temperature is decreased in steps of 1 K. In Fig. 9(a) the
leftmost points are calculated for Tb = 50 K (m = 6), 51
K (m = 5), 55 K (m = 4), and 62 K (m = 3). The maxima
of the different curves occur at average stack temperatures
of 57 K (m = 6), 58.5 K (m = 5), 62.5 K (m = 4), and
66 K (m = 3). From the respective values of fe we cal-
culate mode velocities c1 = Lfe/m around 4.6 × 107 m/s,
which is about 30% lower than the value of 7.1 × 107 m/s
found in experiment. From an analytic expression for c1
[3], which in fact does not take Josephson-vortex forma-
tion into account and is derived in the limit ρab → ∞,
one would expect that c1 decreases from 4.4 × 107 m/s to
3.4 × 107 m/s in the temperature range where the maxima
in the m = 3–6 modes occur. Thus, the actual values for
c1 observed in simulations are somewhat higher and less
temperature dependent than the values of c1 predicted by
the analytic expression. For the data of Fig. 9(b) the cor-
responding mode velocities are found as 5.5–6 × 107 m/s,
and for the data of Fig. 9(c) the mode velocities decrease
from 6.7 × 107 m/s (m = 3) to 5 × 107 m/s (m = 6). While
some of these numbers approach the experimental value,
fine tuning of parameters to make c1 temperature inde-
pendent seems to be unnatural. Further hints come from
Kakeya et al. [34], where also a temperature-independent
emission frequency was observed for a stand-alone stack.
In their case, highly conducting silver electrodes were
affixed to the top and bottom of the stack. This brings, as
the authors explain, the sample close to boundary condi-
tions where the in-plane electric field is supposed to vanish
at the outermost BSCCO layers and where c1 is close to
c/n, c being the vacuum speed of light and n ≈ 3.4 − 4
being the diffraction index, see, e.g., Refs. [52,53]. This
boundary condition implies that the in-plane currents in the
outermost BSCCO electrodes are zero and that c-axis cur-
rents in the outermost junctions leave the stack and do not
come back, i.e., they are assumed to be dissipated in the
contacting metal layers. Our samples have comparatively
thin (200 nm) contacting Au layers and in addition there is
a substantial contact resistance between the Au layers and
the uppermost layers of the BSCCO stack. The boundary
conditions we considered reasonably and used in our sim-
ulations imply that ac currents either stay confined in the

stack (BC = 0) or extend to the contacting Au layer but
flow back to the stack. For both cases, the in-plane electric
fields and currents are large in the outermost BSCCO lay-
ers and c1 becomes temperature dependent. More work
seems to be required to understand the effect of con-
tact resistance and the role of contacting Au layers of
intermediate thicknesses.

Finally, in Fig. 9(d) we show the segment-resolved
voltage per junction for the m = 6 and m = 5 modes of
Fig. 9(c). Thick lines are for m = 5, thin lines for m = 4.
Like in Fig. 8(b) only the inner segments are locked to
the resonance, while voltage across the outer segments is
higher. Note that in Fig. 8 the resonances appeared spon-
taneously while in Fig. 9 they are triggered. Thus, the
number of locked segments is in general higher in Fig. 9(d)
than in Fig. 8(b). Further note that at a fixed bias the num-
ber of locked segments differs for the two modes shown.
Thus, if a transition between the two modes would occur,
also the excess voltage would change, a feature, which
fits to the experimental observations. Perhaps counterin-
tuitively, after a transition the excess voltage, and also
the gradient in voltage between locked and unlocked seg-
ments, is usually higher than before the transition. Also,
the number of locked segments is often lower after the
transition. The actual (in)stability criterion for the transi-
tion seems to be the magnitude of the in-plane ac currents,
which are higher in the state reached after the transition.

V. SUMMARY

In summary, we perform a detailed investigation of
THz-emission properties related to resonant cavity modes
under different bias conditions. We discuss data for two
intrinsic Josephson-junction stacks of the same geometry
and a junction number of about 700. The stacks are fabri-
cated, respectively, from an underdoped and an optimally
doped BSCCO single crystal. In the low-bias regime, THz
emission is found for both stacks. At high bias, in the
presence of a hot spot, only the optimally doped stack emit-
ted THz radiation. At high bias, the emission frequency
is continuously tunable by changing the bias current and
the bath temperature—a feature that also appears in sim-
ulations for all cases where high-bias emission is stable.
By contrast, at low bias the emission frequencies fe are
remarkably discrete and temperature independent for both
stacks. The values of fe point to the formation of (0, m)

cavity modes with m = 3 to 6. The total voltage V across
the stack varies much stronger than fe, and there seems to
be an excess voltage indicating groups of junctions that are
unlocked. In these junctions, the Josephson current seems
to oscillate at a higher frequency. For the case of the under-
doped stack, we perform intensive numerical simulations
based on coupled sine-Gordon equations combined with
heat-diffusion equations. Overall features, like the shape
of the current-voltage characteristics, the appearance of
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(0, m) cavity modes with m = 3 to 6, the absence of high-
bias emission, the temperature and voltage regions where
emission occurs at low bias, or the appearance of an excess
voltage, can be reproduced well and point to an unexpected
large value of the in-plane resistivity. However, in our
simulations the different resonant modes strongly overlap
for realistic parameters and the mode velocity is typically
temperature dependent and lower than in experiment. The
reason for this is presently unclear.
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